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Inductive qubit-resonator coupling
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During the lectures we studied the capacitive coupling between a Transmon
qubit and a resonator. In this exercise we will instead analyze the inductive
coupling between a Fluxonium qubit and a resonator. Its circuit is displayed in
Fig. 1. The goal here is to compute the inductively induced coupling strength,
and compare it to the capacitive one. This type of circuit is extensively employed
in the field of superconducting qubits [Nature 508, 369–372 (2014), PRB 94,
144507 (2016), PRX 12, 021002 (2022)].
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Figure 1: Circuit diagram of a Fluxonium qubit inductively coupled to a res-
onator.

1. Consider the circuit displayed in Fig. 1. Write down the three constraints
that link the degrees of freedom Φ1,Φ2,Φ3,Φq,Φr and the static external
flux Φext.
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This circuit contains 2 loop constraints and one node constraint. The two
loop constraints yield

Φr +Φ2 − Φ3 = 0 (1)

Φ3 − Φ1 − Φq = Φext , (2)

and current conservation in the central node yields

Φ1/L+Φ2/Lr +Φ3/Ls = 0 . (3)

2. Justify that in the limit where Lr ∼ Ls ≪ L, the current conservation law
at the central node my be simplified to

Φ3/Ls +Φ2/Lr = 0 .

When current flowing on the right branch (inductance Lr and capacitance
Cr) arrives at the central node, it may split in two paths. In the limit
where Ls ≪ L, the path through Ls has a much lower impedance and
so the current will preferably flow through the central branch. Current
conservation implies

Φ3/Ls +Φ2/Lr = 0 . (4)

Note that one may reach the same result by taking the limit L → +∞ in
Eq. (3).

Remark: The rigorous approach would be to keep the full current con-
servation law of Eq. (3) and solve question 3 by inverting a 3x3 matrix.
The intention here was to crudely simplify Eq. (3) to Eq. (4) in order to
simplify the following question. One may worry that we have neglected
first order terms in L/Lr,s and that this will false the final result, but
one can verify that the rigorous approach gives the same result as the one
proposed here up to second order terms in L/Lr,s.

3. Express Φ1,Φ2,Φ3 as a function of Φr,Φq,Φext.

We will now invert Eqs (1)(2)(4) to express Φ1,Φ2,Φ3 as a function of
Φr,Φq. From Eq. (4), we have Φ3 = −(Ls/Lr)Φ2. Injecting this in
Eq. (1), we get

Φ2 = − Lr

Ls + Lr
Φr , (5)

and hence

Φ3 =
Ls

Ls + Lr
Φr . (6)

Injecting this last expression in Eq. (2) yields

Φ1 =
Ls

Ls + Lr
Φr − Φq − Φext . (7)
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4. Compute the potential energy U(Φr,Φq). Simplify the expression in the

limit where Lr ∼ Ls ≪ L. Use the notation L̃r = Lr+Ls, and the change
of variables Φq → Φq − Φext.

The potential energy is

U = Φ2
1/2L+Φ2

2/2Lr +Φ2
3/2Ls − EJ cos(2πΦq/Φ0) ,

where Φ0 is the superconducting flux quantum. After substituting Φ1,2,3

by their expressions as a function of Φr,q we get:

U =
1

2L

(
Ls

Ls + Lr
Φr − Φq − Φext

)2

+
1

2(Lr + Ls)
Φ2

r

− EJ cos(2πΦq/Φ0) .

Using the notation L̃r = Lr + Ls, and the change of variables Φq →
Φq − Φext, we get

U =
1

2L

(
Ls

L̃r

Φr − Φq

)2

+
1

2L̃r

Φ2
r

−EJ cos(2π(Φq − Φext)/Φ0)

=
1

2L
Φ2

q +
1

2L̃r

(1 +
L2
s

LL̃r

)Φ2
r −

Ls

LL̃r

ΦrΦq

−EJ cos(2π(Φq − Φext)/Φ0)

≈ 1

2L
Φ2

q +
1

2L̃r

Φ2
r −

Ls

LL̃r

ΦrΦq

−EJ cos(2π(Φq − Φext)/Φ0) .

In the last expression we have used the fact that L ≫ Ls ∼ Lr.

5. Compute the kinetic energy T (Φ̇r, Φ̇q) of this circuit. Deduce the expres-
sion of the charge Qr, Qq.

The kinetic energy reads

T =
CJ

2
Φ̇2

q +
Cr

2
Φ̇2

r .

The charges are defined from the Lagrangian L = T − U as Qq = ∂L
∂Φ̇q

=

CJ Φ̇q and Qr = ∂L
∂Φ̇r

= CrΦ̇r.

6. Derive the quantum Hamiltonian of this circuit. Comment on the different
parts of this Hamiltonian.

The Hamiltonian is defined asH(Qq,r,Φq,r) = QqΦ̇q+QrΦ̇r−L(Φ̇q,r,Φq,r),

where Φ̇q,r must be expressed as a function of Qq,r. Variables are then

3



promoted to operators, we find

Ĥ =
Q̂2

q

2CJ
+

Φ̂2
q

2L
− EJ cos(2π(Φ̂q − Φext)/Φ0)

+
Q̂2

r

2Cr
+

Φ̂2
r

2L̃r

− Ls

LL̃r

Φ̂rΦ̂q .

The first line corresponds to the Fluxonium Hamiltonian that is a widely
used superconducting qubit. The second line corresponds to a quantum
harmonic oscillator, often used as a readout resonator. The last line cor-
responds to a coupling term between the Fluxonium and the resonator.

7. Express the Hamiltonian as a function of annihilation and creation oper-
ators. You may use the notation â, â† for the resonator mode, and , b̂† for
the qubit mode.

Let us introduce raising and lowering operators such that

Φ̂r = Φzpf,r(â+ â†)

Q̂r = Qzpf,r(â− â†)/i ,

where Φzpf,r =
√
h̄Zr/2 and Qzpf,r =

√
h̄/2Zr where Zr =

√
L̃r/Cr.

Similarly

Φ̂q = Φzpf,q(b̂+ b̂†)

Q̂q = Qzpf,q(b̂− b̂†)/i ,

where Φzpf,q =
√

h̄Zq/2 and Qzpf,q =
√

h̄/2Zq where Zq =
√
L/CJ .

Injecting these expressions in the Hamiltonian, we find

Ĥ = h̄Ωq b̂
†b̂− EJ cos(2π(Φzpf,q(b̂+ b̂†)− Φext)/Φ0)

+h̄Ωrâ
†â

− Ls

LL̃r

Φzpf,qΦzpf,r(â+ â†)(b̂+ b̂†) ,

where the frequencies Ωq = 1/
√
LCJ and Ωr = 1/

√
L̃rCr.

8. Express the coupling strength g between the qubit and the resonator as
a function of Ls and the resonator and qubit resonance frequencies and
impedances.

The coupling strength g is identified as the prefactor to the term in (â+
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Figure 2: Low impedance resonator optimized for enhanced inductive coupling
(here to spins). Image extracted from [Bienfait et. al. Nature Nanotechnology
volume 11, pages 253–257 (2016)]

â†)(b̂+ b̂†). We have

h̄g =
Ls

LL̃r

Φzpf,qΦzpf,r

=
Ls

LL̃r

√
h̄Zq/2

√
h̄Zr/2 .

Note that L = Zq/Ωq and L̃ = Zr/Ωr. hence

g =
Ls

2
ΩqΩr

1√
ZqZr

.

9. Comment on the dependence of g on the resonator impedance, and how
it compares to the case of capacitive coupling studied in class. Provide a
qualitative drawing of a resonator that favors inductive coupling.

Note that g ∝ 1/
√
Zr. This is reversed with respect to the capacitive

coupling between a transmon and a resonator where the coupling is pro-
portional to

√
Zr. Hence in order to optimize the inductive coupling, one

needs a low impedance resonator, that is low L̃r and a large Cr. In prac-
tice, this is obtained by shunting a short wire by a large interdigitated
capacitor. This is implemented in the CEA Saclay group to maximize the
inductive coupling of a resonator to spins (see Fig.2).

10. (bonus) Provide a strategy to study the non-linear coupling between the
qubit and resonator induced by the Josephson junction.

One strategy, described in [PRB 94, 144507 (2016)], is to introduce modes
that diagonalize the linear Hamiltonian

H0/h̄ = Ωq b̂
†b̂+Ωrâ

†â− g(â+ â†)(b̂+ b̂†) .

The linear Hamiltonian will then take the form

H0 → Ω′
q b̂

′†b̂′ +Ω′
râ

′†â′ ,
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where the ′ superscript describes the dressed frequencies and dressed oper-
ators. In the limit where g ≫ |Ωq−Ωr|, b̂ ≈ b̂′+ϵâ′, where ϵ ∝ g/(Ωq−Ωr).
Injecting this expression in the Josephson cosine term, and expanding the
cosine to it’s Taylor series, yields many nonlinear coupling terms between
these dressed modes.
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