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1 Materials and methods

1.1 Qubit fabrication

The transmon qubit was fabricated with a double-angle-evaporated Al/AlO,/Al Josephson junc-
tion, defined using the bridge-free fabrication technique (30) on a double-side-polished 2 mm-
by-19 mm chip of c-plane sapphire with a 0.43 mm thickness. The aluminum film thickness for
each deposition was 20 nm and 30 nm. The Josephson junction has an area of 0.094= 0.02 ym?.
Between these two depositions, an AlO, barrier was grown via thermal oxidation for 6 minutes
in 100 Torr static pressure of gaseous mixture 85 % argon 15 % oxygen. The room-temperature
junction resistance was 6.67 k().

The sapphire chip was placed across two 3D aluminum cavities separated by a 2 mm wall, as
shown in Fig. S2. These cavities were machined out of high purity aluminum (99.99% purity),
and prepared by removing ~ 200 pm of material with acid etching (37). The antenna pads on
each side of the Josephson junction couple to the TE101 mode of each cavity. On the readout
cavity side, the antenna is 0.5 mm wide and 7.5 mm long. On the storage cavity side, the antenna
1s 0.5 mm wide and 4.2 mm long with a 0.01 mm gap capacitor for extra coupling tunability.
These dimensions were optimized to meet the desired coupling strengths using finite element
simulations and black box circuit quantization analysis (32).

1.2 Measurement setup
1.2.1 Waveguide Purcell filter

The output of the readout cavity is coupled to a transmission line through a WR-102 waveguide
which exponentially attenuates signals below a cutoff frequency of 5.8 GHz. This way, the
readout (7.152 GHz) is above cutoff, and is hence well coupled to the transmission line. On the
other hand, the qubit (4.9007 GHz) is below, and is hence isolated from the transmission line.
With this architecture, we obtained a qubit lifetime of 77 = 23 us despite its strong coupling to
the low Q readout cavity (y,-/27 = 35 MHz, x, = (26 ns)~'). Waveguide transmission at the
qubit frequency is set by the waveguide length (7.62 cm) and detuning below cutoff, and in our
case is -70 dB (at 300 K), while only -0.16 dB (at 300 K) at the cavity frequency. The coupling
between the cavity and waveguide is through an aperture, whose dimensions (7.4 mm long,
3.96 mm wide, 5.64 mm deep) determine the coupling strength, which is measured to be Q2™
= 7500 (assuming internal quality factor Q" > Q°"). The input couplings for the readout and
storage cavities were measured at room temperature to be QL“=4,()()0,000 and Q;“=15,000,000.
The output port of the storage cavity Q" ~ Q'™ was not used in this experiment.

1.2.2 Amplification chain

The transmission line is connected to a Josephson parametric converter (JPC) acting as a phase
preserving amplifier (33), operating near the quantum limit with a gain of 20 dB over a band-



width of 4.6 MHz. We obtain an input noise visibility ratio for the amplification chain of 8 dB,
indicating that ~90% percent of the noise at room temperature are amplified quantum fluctua-
tions. The qubit state is measured by sending a square pulse of length T},;,c = 1 8 through the
input readout port. The frequency of this pulse is centered at the readout cavity frequency when
the qubit is in its ground state. When the qubit is in its ground state |g), the pulse transmits to
the cavity output port towards the JPC. Since the dispersive shift is much larger than the cavity
line width (xg4 > K, > 1/Thuse), if on the other hand, the qubit is in its excited state |e), the
pulse reflects off the input port. When the qubit is in |g), the steady state number of photons
in the readout cavity during this pulse is about 4 photons (calibrated using qubit measurement
induced dephasing (34)).

When exiting the JPC, the pulse propagates through two isolators at 20 mK, a superconduct-
ing line between the 20 mK stage and the 4 K stage, where it is amplified by a HEMT amplifier
with 40 dB gain. At room temperature, the signal is further amplified, mixed down to 50 MHz
and digitized with an analog to digital converter (ADC) (see Fig. S1). For each measurement,
we record the two quadratures (I and () of the digitized signal. A histogram of 820,000 mea-
sured (/,(Q)) values is shown in Fig. S3. This histogram is the sum of two gaussians: the right
one corresponds to the qubit in |g) and the left one corresponds to the qubit in |e) (correspond-
ing to a qubit thermal excited state occupancy of 20%). The I and () quadratures are rotated
such that the information lies in the / quadrature only. The right gaussian is squeezed in the
(2 quadrature, which is a consequence of the JPC saturation. An (/,()) value lying on the right
(left) hand side of the threshold indicated by dotted line in Fig. S3 is associated to a qubit in the
ground (excited) state. This threshold is calculated such that the errors of mistaking |g) for |e)
and |e) for |g) are equal. This separability fidelity is calculated here to be 99%, which would
coincide with the measurement fidelity in the limit of large 7.

1.3 System parameters
1.3.1 Parameter values

The system parameters are shown in Tables S1 and S2.

1.3.2 Choice of parameters

As described in the main text, the goal of this experiment was to obtain a non-linear dissipation
rate Ko = XN—Q’“ §p|2 which is as large as possible. This rate is proportional to the pump power
and the squére of the readout-storage cross-Kerr Y. It is not possible to pump arbitrarily
hard since mixing of the pump due to higher order non-linear terms will eventually produce
undesirable effects. For example, in Fig. S5, we can see that for pump powers larger than
100 mW (measured at the output of the generator), the storage mode linewidth increases above
the linewidth in absence of pump. We have also seen that for pump powers larger than 200
mW, the qubit thermal population starts to increase. This is why we fix the pump power to

100 mW for the rest of the experiment. From the AC Stark shift on the qubit, we know that

2



this corresponds to ]fp]2 = 1.2. Therefore, it is useful to have a large enough Y, in order to
achieve ko of the same order as «, for |{,| ~ 1. For our parameter values, this corresponds
to x,s/27 of the order of 200 kHz. We designed our system to obtain the latter coupling. We
cannot increase this coupling too much since we believe this will decrease the storage cavity
lifetime due to the Purcell effect (in the near future, we plan on designing a pass-band, instead
of a high-pass, Purcell filter to lift this constraint). Since we have x,s = 2,/XrXss>» and we
want a storage Kerr at most of the order of its linewidth (in order to minimize the distortion of
the coherent state superpositions), we had to increase the readout Kerr ;.. (by increasing the
junction participation in this mode (32)) until we obtained the desired x,;. Moreover, we needed
to have a qubit mode to perform Wigner tomography. The latter necessitates short un-selective
pulses on the qubit (22). For this reason, we needed a large enough transmon anharmonicity,
which necessarily implied a very large qubit-readout cross-Kerr (here x,,./2m = 35 MHz).

Strongly coupling a qubit to a lossy resonator reduces its coherence times due to the Purcell
effect. The use of a Purcell filter (35) (described above) seemed favorable. This is why we
designed our qubit frequency to be around 5 GHz, and the readout mode around 7 GHz, the
former below and the latter above the waveguide cutoff frequency. The pump tone needs to be
at w, = 2w, — w,, which is below the readout if wy; < w, and above otherwise. We thought
it would be more cautious to have this strong pump tone as far as possible from the qubit (to
avoid the pump coupling to the qubit mode), and therefore designed the storage mode to be
about half a GHz above the readout. This way, the pump is one GHz above the readout mode,
and hence three GHz above the qubit. The drawback of this design is that the storage mode is
not protected by the Purcell filter since it is above cutoff. In the near future we will repeat this
experiment with a pass-band Purcell filter.

1.4 Measurement methods
1.4.1 Spectroscopy

Readout mode and qubit spectroscopy are obtained by performing transmission spectroscopy
and saturation spectroscopy, respectively. Storage mode spectroscopy is obtained by sequen-
tially sending a long (100 us) and weak probe tone to the storage input port, then performing a
selective 7 pulse (/9) on the qubit conditioned on there being zero photons in the storage, and
finally measuring the qubit through the readout mode. If the probe tone is off-resonant with the
storage mode frequency, the storage photon number remains zero, the 7 pulse therefore inverts
the qubit state. On the other hand, if the probe tone is resonant, the storage gets populated to
larger photon numbers, hence the 7 pulse cannot completely invert the qubit state. This change
in qubit state vs. probe frequency is detected by the measurement pulse through the readout
mode.



1.4.2 Lifetimes

Qubit lifetime 7} and coherence time 75, are measured with the usual 77 and Ramsey pulse
sequences. The readout mode lifetime is extracted from its linewidth. Since the readout mode
has a relatively large Kerr (/27 = 2.14 MHz), the transmission spectra are broadened by this
Kerr as we increase the power of the probe tone. Hence, we perform transmission spectroscopy
for decreasing probe power until the linewidth stops narrowing. The mode lifetime is then
1/k, where k, /27 is the spectral linewidth at small probe powers. The storage mode lifetime
is obtained by first displacing the storage state, and after a variable wait time, measuring the
parity of the storage state. By fitting the data, we obtain the storage lifetime.

1.4.3 Thermal population

Qubit thermal population is obtained by taking a single shot histogram of the qubit state (see
Fig. S3). We get the thermal excited state occupancy by extracting the probability of getting a
count on the left hand side of the threshold (dotted line). We can give a bound on the thermal
population n of the readout mode. This thermal population n induces a dephasing rate for
the qubit given by Ky 1, = n}nhkar, in the limit where x,, > k, (36). We know that the measured
dephasing rate ks = 1/T5 — 1/2T} ~ 1/T5 (since T} >> T5), is at least larger than x4 ;. The
inequality kg > Kg 4 1S equivalent to

n < 1/(Tyr,) = 2% .

By measuring the qubit number split spectrum to the storage mode, we should in principle be
able to measure the storage thermal occupancy. However, the spectrum linewidth sets a bound
on which thermal population in the storage one can robustly measure. This linewidth fpec /27 is
due to the finite spectroscopy pulse length and power, and is bounded by (2775%)~!. Assuming
a small number of thermal photons ntsh < 1, at equilibrium, the storage is in a mixture of the
vacuum state with probability (1 — n) and the first excited state with probability n™. The
spectrum of the qubit is then S(w) = (1 — n™)Sp(w) + n'S)(w), where Sy and S; are the
qubit spectrums when the number of photons in the storage is 0 or 1, respectively. We have
o]

2

Sk (W) = (?)2+(w—wq—kxqs)2

effect of ks on Kypee Since in practice £y <K Kgpec. When we measured the spectrum S while the
storage was in thermal equilibrium, we could not resolve a peak at w, — X445 corresponding to
one photon. This implies that we have 'S} (w, — x4s) < (1 — n")So(wy — Xgs)- In our case,
we took a qubit spectrum with a gaussian 7 pulse (800 ns standard deviation), and we observed
a linewidth Kg,e.=1/(0.23 ps). In the limit where Kgpee < Xgs, this sets the following bound on
our measure of n :

, where €,0pc 18 the probe amplitude, and we have neglected the

n;h S (Hspec/Qqu)2 - 5% .



1.4.4 Cross-Kerr terms

The qubit to readout cross-Kerr is obtained by measuring the readout spectrum. Due to the
thermal occupancy of the qubit, this spectrum exhibits two peaks, separated by x,./27. The
qubit to storage cross-Kerr is obtained by inserting photons in the storage and measuring a
qubit spectrum. We see many peaks, each one corresponding to a photon number state in the
storage. The linear dependence of the central frequency of each peak on the peak number give
the qubit-storage cross-Kerr (see Fig. S4). This measurement is further refined by performing a
parity revival experiment (22). The readout to storage cross-Kerr is obtained by measuring the
readout frequency as a function of photons inserted in the storage. The readout mode frequency
decreases linearly with storage photon number with a proportionality constant corresponding to
the cross-Kerr.

1.4.5 Kerr terms

The transmon anharmonicity (also termed qubit Kerr x,,) is obtained by measuring qubit spec-
troscopy with increasing probe power until we observe the two photon transition from |g) to
| f), which is detuned from the main |g) to |e) peak by half the qubit anharmonicity. The read-
out mode Kerr is obtained from the pump Stark shift (Fig. S5). Indeed, as we will show in
the following section, due to the pump, all three modes frequencies decrease linearly with the
pump power. The ratio of the slopes of the qubit shift to the readout shift is x,./2x,.. Hence,
knowing x,, we extract x,,. A useful check is to make sure that the ratio of slopes of the
qubit and storage shifts is indeed X,/ x,s. We find that this value agrees with the independently
measured cross-Kerr values with a deviation of 5%. The storage Kerr was not measured, but
merely estimated from the formula y s = X?IS /4Xqq (32).

1.4.6 Photon number calibration

The storage cavity was displaced using a 20 ns square pulse. Similarly to (/2), we calibrate
the amplitude of this pulse by measuring a cut of the Wigner function of the vacuum state,
and fitting a gaussian to the data. The DAC to photon number correspondence is obtained by
imposing that the standard deviation of this gaussian needs to be 1/2. We calibrate the number
of photons in the readout mode by measuring the measurement-induced dephasing rate on the
qubit while a tone is applied to the readout mode (34).

1.4.7 Phase locking

The quantum state produced in the storage is a consequence of non-linear mixing of the pump
and drive tones in our Josephson circuit. If we used a third generator to probe the state of the
storage, this generator would not be phase locked to the state in the storage, and hence we would
expect all our Wigner functions to be completely smeared and to exhibit no phase coherence.
To avoid this problem we generate the pump and storage tones from two separate generators at



respectively w,, and w;, and we mix them at room temperature to generate the drive tone (see
dashed box in Fig. S1). This is achieved by doubling the frequency of the storage generator to
2w, using a mixer, and then mixing this doubled frequency with the pump to obtain 2w, &+ w,.
The upper sideband at 2w, + w, is then filtered by a low pass filter with a 12 GHz cutoff
frequency, and hence only the drive tone at the desired frequency wg = 2w, — w, enters our
device. We use fast microwave switches controlled by markers from the arbitrary waveform
generator (AWG) to produce the pulse sequences for the experiment.

1.4.8 Parity measurement and Wigner tomography

The Wigner function uniquely defines the quantum state ps of an oscillator. It is defined as
W(a) = 2P(a), where P(a) = Tr (D_apSDaemias) (27, Sec. 6.5).

In this experiment, we directly measured P(« = I + i()) following the measurement pro-
tocol of (22, 28) (see Fig. S6). In the data of Figs. S7-S8, for each point (I, Q) of the I — Q

plane, we repeat 10,000 times:
1. Initialize the qubit by measuring its state and post-selecting on it being in the ground state

2. Displace the cavity state with a 20 ns square pulse of amplitude a;, = /I + Q% and
phase ¢}, = arg(I), +iQx)

3. Perform a +7/2 pulse on the qubit around the X-axis.
4. Wait for m/x s

5. Perform a + /2 pulse on the qubit around the X-axis (then repeat all steps with a — /2
pulse)

6. Measure the qubit state

All measurements are single shot and are binned to be 0 or 1 depending on whether the data
point lies on the left or right of the threshold (see Fig. S3). Each one of the qubit pulses is a
gaussian pulse with a 4 ns standard deviation, and we truncate the pulse length to 5 standard de-
viations. After post-selecting on the initial measurement, the data is averaged, and two Wigner
maps are obtained. One corresponding to both pulses with a 4+ /2 angle, and the other where
the second pulse is with a —7/2 angle. We then subtract these two maps in order to correct for
systematic errors due to the readout-storage cross-Kerr and the finite un-selectivity of the 7 /2
pulses (22, 28).

Indeed, assume the storage is in a pure state |¢)), and we want to measure its Wigner func-
tion. We model the finite un-selectivity of the /2 pulses by assuming that there is an Ny,
such that if there are n < N, photons in the cavity, the pulses are able to rotate the qubit state,
whereas for all n > Ny, the qubit state is unaffected by the pulse. Each qubit measurement
is thresholded and associated to the qubit being in state g or e. The probability of measuring



m = g,e when the qubit state was in fact in ¢ = g, e is denoted p®(m|t). In the latter nota-
tion, the superscript « refers to the displacement amplitude of the storage, which is a simplified
model incorporating the readout-storage cross-Kerr and its effect on the readout fidelity due to
the presence of photons in the storage. First, we displace the state by «, and denote the dis-
placed state |1, ). Second, we perform two 7/2 pulses separated by a m/x,s wait time. We then
obtain the following qubit-storage entangled state :

|¢0¢>+ = Peven [Va) |€) + Podd [Va) [9) + Po N [¥a) |9)

where Py = E%SNM 2n) (2n|, Pogg = E2n+1§me 2n+1) 2n+ 1] and P~ y,, = Zn>Nmax
The measured quantity, which is the expectation value of the qubit energy is

(007 = [|Peven |¥a)| P (0™ (ele) — p*(gle)) — [|Poaa [t0a)| [P (0™ (glg) — p*(elg))
P r [Ca) | P (0 (elg) — p*(gl9)) -

When the second 7/2 pulse has a 7 phase shift, we get

[Va)” = Peven |Va) |9) + Poda [Va) [€) + Ps Ny [¥a) 9)
and hence
(02)7 = Peven [a)| [*(0%(elg) — p*(9]9)) — |Poaa [¢0a)] [*(p*(gle) — p*(ele))
+ P [Pa)| [P0 (elg) — p*(gl9)) -

We then substract these two expectation values and obtain A (0,) = Cu(||[Peven [Va)| > —
[Podd [¥a)| ) = CoP(c), where the contrast C,, is given by C,, = 1(p*(glg) + p*(ele) —
p*(elg) — p*(gle)). In the case of perfect readout: p*(g|lg) = p*(ele) = 1 and p“(elg) =
p*(gle) = 0, and hence C,, = 1. Notice that this subtraction eliminated the third term in (o, )™
which is due to the finite un-selectivity of the pulses, and would appear as an offset in the
Wigner tomography. This subtraction also makes the effect of the storage-readout cross-Kerr
symmetric, making no bias towards positive or negative values.

From these measured Wigner functions, one can reconstruct a density matrix which best
reproduces this data (22). As a consistency check, we can compare the diagonal elements of this
reconstructed density matrix, to the directly measured photon number probabilities using qubit
spectroscopy. As shown in Fig. S11, there is a good agreement between these two independent
measurements. One can also extract the expectation value of any observable directly from the
measured Wigner function, and compare them to the theoretical predictions through numerical
simulations. This comparison is made in Figs. S9-S10, and we observe good agreement between
theory and experiment.

1.4.9 Qubit dynamics during the pumping

When the pump and the drive tones are on, the readout mode remains mainly in vacuum and
the storage state evolves from vacuum to a mixture of coherent states, while transiting through
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a coherent state superposition (see Fig. 4 of the main text). In principle, if the Hamiltonian
of the three modes (qubit, readout, storage) is fully captured by the Hamiltonian described
in Eq. S1Eq. S2, the qubit state should not be influenced by the pumping. For example, if
we initialize the qubit in its ground state before activating the pump and drive tones, the qubit
should remain in its ground state, unless it absorbs a thermal photon, and this thermal absorption
rate should be independent of the number of photons in the two other modes. However, we have
observed that when the pumping is on, as the photon number in the storage mode increases, the
qubit thermal occupation increases significantly. This is most likely related to the previously
unexplained mechanism which causes the qubit lifetime to decrease when photons are inserted
in the readout mode (37).

The parametric pumping mechanism relies on the frequency matching condition w,, = 2w, —
wy, where w, ;, are the pump, storage and readout frequencies, respectively. The pump and
drive tone frequencies need to be tuned with a precision of order g», as observed in Fig. 2 of the
main paper, and computed in the next section (see Eq. S7). In our experiment, we tune these
tones to fulfill this condition when the qubit is in its ground state. If the qubit suddenly jumps
to the excited while the pumping is activated, the readout and storage frequencies will shift by
their respective dispersive coupling to the qubit x,, and x,s. In particular, (x4 — Xgs)/27 =
33.4 MHz > ¢5/2m = 111 kHz. Hence, the frequency matching condition no longer holds,
and the pumping process is interrupted. This undesirable process can be slightly filtered by
measuring the qubit state after completing the pumping, and post-selecting on the qubit being
in its ground state (see Fig. S6). However, we do not filter out processes where the qubit jumped
up to the excited state for a random time, and jumped back down to its ground state before the
measurement is performed. We believe it is these kinds of processes which produce an excess
of n=0 population in the storage (see Fig. S11). The effect of these large pumps and populated
modes on the qubit decay rates is subject to ongoing research.

2 Supplementary text

2.1 The pumped Josephson circuit Hamiltonian

We start by writing the Hamiltonian of the qubit, readout and storage modes coupled to a
Josephson junction, with two tones (the drive and the pump) on the readout mode.

H/h = Z Omal a,, — % (cos(ip) + ¢%/2) + 2R (e "' + eqe™™") (a, +a)) ,
m=q,r,s
¢ = > ¢m(antal).
m=q,r,s

The first term corresponds to the Hamiltonian of three linear modes described by annihilation
operator a,,. Their bare frequencies w,, are shifted towards the measured frequencies w,,, due
to the contribution of the Josephson junction in the Hamiltonian. The latter is represented by
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the cosine term from which we have removed the quadratic terms by definition of the modes
annihilation operators. FE; is the Josephson energy, and ¢ is the phase across the junction,
which can be decomposed as the linear combination of the phase across each mode, with ¢,,
denoting the contribution of mode m to the zero point fluctuations of ¢. The system is irradiated
by a drive and pump tones with complex amplitudes €4, €, and frequencies wgy, wy, respectively.
() denotes the real part. The pump is a large amplitude far off-resonant tone, while the drive
is a weak tone close to resonant with the readout mode.
We place ourselves in a regime where

E
Wy, Way Wy > €y ~ (Wp — wy) > 7‘] o] |*/4! .

In order to eliminate the fastest time scales corresponding to the system frequencies and the
pump amplitude, we make a change of frame using the unitary

U = eiwqtagaq 6iwdtaiar ei Wp;wd talasefépai+£~;ar 7
de, s » Ky ~
d_tp —iw, & — 2R (e ") — éfp .
After a time scale of order 1/x, we have &, ~ e~ ™!, &, = —ic,/ (% +i(@, — wp)) ~

—iep/ (5 +ilwr —wp)).
In this new frame, the Hamiltonian is

- E
H/h = (@, —wg)ala, + (@, — W)alas - %(cos(cfo) +@*/2) ,
@ = > Pn@nt+al)+(G+E)e,
m=q,r,s
~ gt ~ —dwgt ~ _jerted,
a, = e “'a, a, =e “a, a;=¢"" 2 ‘a,.

We now expand the cosine up to the fourth order, and only keep non-rotating terms:

H =~ Hguig + Hger + Hs | (S1)
where :
Hyien = (=04 — Xqr 1§]7)ala,
+ ((’DT — Wq — 51” - 2er ’Sp’Q)aTar
_ Wy + Wy
+ (w pT 5 Xrs |£p| )a as ,
Hyerr = Z Xmm T i 2 erafaanaT qua:;aqaias - eraiaraias )
m= q r,5
H, = gyalal + gg(a*) a, + €qal + cja, . (S2)
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The first term Hg, corresponds to the modes frequency shifts. The bare frequencies are shifted
by d,,,,s Which arise from the operator ordermg chosen in Hg.,,. Moreover, the frequencies are
shifted down by a term proportional to |§p which corresponds to the AC Stark shift induced
by the pump. We observe this linear shift vs. pump power in Fig. S5.

The second term Hg,,, corresponds to self-Kerr and cross-Kerr coupling terms (32). We
have: Xnm = Z20% /2, and Xy = 2202 02,

The last term H, contains the terms which reveal the physics we have observed in this
paper. It is the microscopic Hamiltonian of a degenerate parametric oscillator (9). The first
term in this Hamiltonian is a non-linear coupling between the storage and readout modes: two
photons from the storage can swap with a single photon in the readout. In contrast to the usual
parametric oscillator, our readout mode is not twice the frequency of the storage mode. This
term is produced by four-wave mixing of the pump and the readout and storage modes. The
term in €, corresponds to a drive on the readout mode. Our coupling strength is given by

g2 = Xsr£;/2 :

The second term in Hs is a coherent drive on the readout mode. It corresponds to the input
energy which is converted into pairs of photons in the storage, thus creating coherent state
superpositions.

2.2 Two-mode model and semi-classical analysis

Here we assume the qubit remains in its ground state. The storage and readout modes evolve
under the Hamiltonian:

A, + A
H, = Ajala, + pTdaias
+ gia’al + go(al)a, + esal + cha, (S3)
— Xrsala.ala, — Z Xomm 1712 2 (S4)

where Ay = @, —wq — 0, — 2xp |&p  and A, = — Ay + 2(, — M — 0y — Xrs |£,]7)- Theory
curves of Fig.2 in the main paper are obtalned by numerically ﬁndmg the steady state density
matrix of the Lindblad equation with damping operators ,/x.a, and /xsa, and Hamiltonian
H,,.

We now write the quantum Langevin equations with damping, which require including in-
coming bath fields a* and a”" (14, Sec. 4.4):

d . ‘
Ear = —ila,, Hy,| — %ar +Vkea)",
d s .
%as = —ilas, Hy, | — %as + ks
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The remainder of this section is devoted to gaining some insight into the steady state solu-
tions of the equations above. We simplify this task by neglecting the Kerr terms in the Hamil-
tonian. This leads us to:

d ) |
o, = —ila, —igial — ica— %ar +/ma (S5)
d A + Ad . Rs in

e —szaS — 2igoala, — 58+l (S6)

We can further simplify these nonlinear Langevin equations by taking the classical limit,
where the field operators are replaced by their complex expectation values (14, Sec. 4.4):

Koy

0 = —ilga, —igsa® —icqg — ?ar ,
A, + A s
0 = —i%as — 2igraa, — %as )
One solution is p
as=0,a, = —ied/(é +iAg) . (S7)

This is the usual classical Lorentzian response of a driven-damped oscillator. Now assuming
as # 0, we obtain a second solution for a,.:
. _Ap - Ad + Z.IQS 62195

a, = :
4go

where 6, is the phase of a,. Here, the modulus squared of a, is a parabolic function of the
detuning A, + A4 with a width of 1/ 45|, and a minimal value |r,/4gs|*. This corresponds
to the dip observed in Fig. 2 of the main paper, and its depth is a direct signature of the fact that
g2 > K. The response of the storage cavity a, verifies:

1 K €4
2 AT
a;, = _*(_Ad + Z—)ar -
%) 2 )
1 Ky . €d 2
\as|2 = (Ag—i7)(Ap + Ay —ikg) — —e =7 .
4‘92‘2 2 8 92

A sufficient condition for this equation to have a solution is

=i

|Ap + Ad — i/i5|
4‘92€d|

A model for the response |a,|” of the readout mode as a function of the readout probe and
pump tone detunings is:

2
A, + Ay)? 2
a2 (A, A,) = min [ —lal_ (BotBa"F )
&+A?1 16 |g2|



We have checked that this simple semi-classical expression without Kerr terms captures the
main features of the data in Fig. 2 (a) of the main paper. However, the transient coherent state
superposition shown in Fig. 4 of the main paper cannot be explained by such a semi-classical
model: it is a quantum signature of our system.

2.3 Single-mode model and classical analysis
2.3.1 Adiabatic elimination of the readout mode

We can adiabatically eliminate the readout mode (/8, Sec. 12.1), and obtain a master equation
for the reduced density matrix of the storage mode alone. Let p,, be the density matrix which
represents the joint readout and storage state. It verifies

d Ky K
' sr:_lem sr —D r|Psr —D s|Psr S8

s iHr, psr] + 5 Dla]psr + - Dla]p (S8)
where the Hamiltonian Hj, is given in Eq. S4, and here we take Ay = A, = 0. Let 0 be a small
dimensionless parameter § < 1. We place ourselves in the regime where g/ k.., €4/ Ky, Xrs/ Ky ~
§ and X/ kr, ks /Ky ~ 62. We assume that the number of photons in the readout mode is always

much smaller than one. We then search for a solution of Eq. S8 in the form

psr = P00 [0) (043 (por [0) (1] + p1o [1) (0467 (pr1 [1) (1] + poz [0) (2] + pao [2) (O)+O(6?)

where p,,,, acts on the storage Hilbert space, whereas |m) (n| act on the readout Hilbert space.
The goal here is to derive the dynamics of p, = Tr,(ps) = poo + 0°p11 up to second order in
0, where Tr, denotes the partial trace over the readout degrees of freedom. First, lets multiply
Eq. S8 by (0| and |0). We get, up to second order terms in ¢ :

d i K
- _ H 2 S D 3
L P (O] [Hyy, p] [0) + 67 p11 + o [as]po0 +O(0°)
. . SSs I{/S
= —id® (ATﬂlo — poA) — Z[_;(?(al)2a§7 poo] + 6%p11 + o Dla,|poo (S9)
+ 0%,
where A = ﬁ(g;‘ag + €4), and hence ||[A|| = O(1) in 6. We now need to find expressions of

Po1,10,11 up to 0" order terms in §. We find, neglecting terms of order ¢ and higher:

d , 1

Krdtpm = —iApg — 2P0 +0(6) , (S10)
d , ;

- dtl)n = — (Ap(n — p1oA ) — pu1 + O(0) . (SI1)

The derivative of p;g has two terms: the first one can be interpreted as an external driving
term, and the second is a damping term. Although the first term is time dependent, making this

12



equation difficult to solve exactly, we know that its temporal variation is slow (of order §%) in
comparison to the damping rate (of order 1). This is where we make the adiabatic approxima-
tion: we assume that p;( is continuously in its steady state. The same reasoning then applies to
p11, which yields:

pro = —2iApg + O(9) , (S12)
pi = —i(Apy — P10AT) +0(9) (S13)
= 4ApgA’ +0(0) . (S14)

Injecting these expressions in Eq. S9, and rearranging terms, we find

d

. R2 2 R
_s:_H57s —D s_Dss;
H, = ea’+e(al)? - %afa? ,
with
ko = 4gal* /hir | €2 = —2iga€a/ky -

This result can be found in (/8, Eq. 12.10), where the modes have no Kerr and cross-Kerr
couplings.
2.3.2 Semi-classical analysis

Let us define a(t) = Tr (a,p,) and calculate its dynamics. Using [a,, (al)2] = 2al, [a,, al’a?] =
2ala? and Tr (a,D[a%]p,) = —2Tr (ala?p,), we find

L
dt

= —2ie;Tr (alps) + ixssTr (alalp,) — ko Tr (alalp,) — %a .

Let us assume a solution in the form of a coherent state p,(t) = |a(t)) (a(t)|, we then find

d

pricli —2ie0" — (—ixss + o) |aPa — —ar.

2

The central panel of Fig. 3 of the main paper illustrates this equation. The white lines correspond
to trajectories governed by this equation, and the absolute value ‘%a‘ is represented by the
colormap.

In steady state a(t) — @, and we have

0 = —2iesa’, — (—ixss + Koa) [oroo|” Qoo — %% .

13



We write oo in the form ae = roce®> and —iy,, + ko = ree™?:

. . . Kg .
oo = _pyef2p? g el — 2y et

21€9T €™ 5

Notice that ., = 0 is a solution, now assume v, 7 0:

. o . K
—Qiege B0~ = 7“26“”1“50 + Es )
Taking the module square of this equation we get
2,4 2 | K 2
Tyl Taks COS(p2)15 + 75 — el = 0.

The latter equation is quadratic in r2 , and we assume ¢, small enough in order for its discrim-
inant to be positive. If [ez| < %=, this equation has no positive roots and hence o, = 0 is the
unique solution.

Now lets assume |e3| > ==, then

9 1

K
re, = 52 —roks cos(pa) + \/(Tzlis 008(902))2 - 47"%(_ —4 |€2’2) )
2

and two solutions exist for the phase .:

0, = 02/2431/4— pK/2
0r = 0+,

r2.ra sin(p2) )

where 05 is the phase of €, and g = alrctan(r2 recos(pa) il

Note that if s = 0, then 75 = k5 and 5 = 0 and we find
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3 Supplementary figures
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Figure S1: Experiment schematic.
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11.79 mm

Figure S2: Pictures of the device. (a) Photograph of the two halves of the 3D aluminum
cavities, the bridge transmon on a sapphire chip, and the rectangular waveguide. The left half
is screwed on to the right one. The readout cavity has a hole which couples it to the rectangular
waveguide behind it, which in turn is coupled to a transmission line through a waveguide via an
SMA adapter. (b) Left : schematics of the Josephson junction (JJ) and the antenna pads. Top
right: optical image in the region containing the JJ and the gap capacitor. The visible scratch
results from probing the junction resistance. Bottom right: Scanning electron microscope image
of the JJ.
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Figure S3: Single shot readout of the qubit state with the JPC. Top left panel: two-
dimensional histogram of the (/,()) values of 820,000 measurements of the qubit in thermal
equilibrium (20% ground state and 80% excited state). This histogram was rotated such that
the information about the qubit state is encoded in the / quadrature. The right and left gaussian
distributions correspond to the qubit in |¢g) and |e) respectively. Bottom panel: histogram of
the I values, where the sum of two gaussians (full line) is fitted to the data (full dots). Right
panel: Histogram of the () values, where a single gaussian (full line) is fitted to the data (full
dots). The dotted line is the measurement threshold: if a data point lies on the left or right of
this threshold, the outcome is associated with |e) or |g) respectively. The gaussian on the right
is squeezed in the I quadrature due to the amplifier saturation.

17



frequency (GHz)
4.902 4.895 4.888

—T— 4.902 — T T T < 12 — T T T T
c T
.2 0.10 N o = 1.0 o
k| 5 <
E] = 4.897} o, E o 08t E
3 0.08 - =}
o 9 Q, .8
Q c c 06} o E
& 0.06 ] o) S
3 T 4.893 o} 1 5 0.4f .
% 004 2 “ S "0
i ] " o 0.2f 0 0O -
= k) °
O
g 0.02 A S 4888} . § 0.0p— i
000k 1 v+ v v vy g P T T T T T & —02 P S T T T T
01 2 3 45 6 78 01 2 3 45 6 7 8 9 01 2 3 45 6 7 8 9
storage photon number storage photon number storage photon number

Figure S4: Qubit frequency as a function of the number of photons in the storage cavity.

When there are n=0 photons in the storage, the qubit frequency is f, = 4.9007 GHz. As

we introduce exactly n photons in the storage, the qubit frequency shifts in discrete steps to
3

@
fo = fq—32n+ %<n?. We fit the data (full dots) to a quadratic function of n (full line), which

gives the quantities y,, /27 = 1.585 MHz, and XS;) /27w = 5 kHz (28). This qubit spectroscopy
experiment was performed after the storage reached the statistical mixture of *a after 19 us
of pumping (see last panel of Fig. S11(a)).

18



detuning (MHz)

linewidth (MHz)

0.0

-20

-40

-60

0.8

0.6

0.4

0.0

0.0

&
[¢®)
QboO %O O
a 2.0 %o 01 Oq
O O O
o Q o
o 4.0 (o} -0.2 o

o} 0 Q

6.0 -0.3

[ 8.0 -0.4 T
50 100 150 50 100 150 50 100 150
power (mW) power (mW) power (mWw)
(d) (e) (f)
0.19
o] 9.0
O
o
)
o
% 0.11
0) 7.5 5
o ¢}
)
00 o & ? @
o) Oo OO o ©
o
o O
r T r 6.0 r T r 0.03 r T r
50 100 150 50 100 150 50 100 150

power (mW) power (mW) power (mW)

Figure S5: AC stark shift due to the pump tone. We place the pump tone at w,, = 8.011 GHz,
and vary its power. For each power, we measure the spectrum of the qubit (a,d), readout mode
(b,c) and storage mode (c,e). The frequencies of these modes (a-c) decrease linearly with the
pump power, as shown by the linear fit (full line) to the data (full dots). The linewidths are

represented in panels (d-f).
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Wigner tomography
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Figure S6: Pulse sequence which generates the data of Fig. S7. We first initialize the qubit
state by measurement and post-selection. Then we switch on the pump and drive for a variable
amount of time. Finally, we perform Wigner tomography. The pulse sequence corresponding
to the tomography is in the dashed rectangle and is described in Section 1.4.8.
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Figure S7: Evolution of the storage mode state during pumping. We initialize the storage
state in vacuum and switch on the pump and drive tones for various times ;. Each one of the
20 panels in (a-d), ordered from left to right and top the bottom, is the Wigner function of the
storage state after tx = k us of pumping. We compare the raw data (a) to the Wigner func-
tions obtained from (b) reconstructed density matrix (22) and from (c) numerical simulations.
The strong resemblance between the raw data and the Wigner from reconstructions shows that
our data can indeed be reproduced by a physically allowed density matrix: that is a positive,
hermitian and trace one matrix. This shows that any systematic errors are reasonably low. The
numerical simulations are obtained from solving the Lindblad master equation with Hamilto-
nian Eq. S1, assuming the drive and pump tones have well tuned frequencies, i.e. Hgpire = 0.
We include photon loss and thermal processes for all three modes. All parameters included in
this simulation were independently measured or estimated.
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Figure S8: Evolution of the storage mode state during pumping. We initialize the storage
state in Fock state |1) and switch on the pump and drive tones for various times ;. Each one
of the 10 panels in (a,b), ordered from left to right, is the Wigner function of the storage state
after ¢, = k us of pumping. We compare of the raw data (a) to the Wigner functions obtained
from a reconstructed density matrix (b). The Fock state is prepared by displacing the storage
mode by a coherent state with an average photon number of 0.5, and then projecting to the odd
parity manifold by measurement (28). As in Fig. S7, the state starts by being squeezed in the
() quadrature. Att = 3 us, the state resembles an odd Schrodinger cat state where a cut of
the Wigner function at / = 0 displays fringes. Indeed, since we initialize the storage mode in
an odd parity state, its evolution under exchanges of photon pairs conserves parity, and hence
the transient superposition state has odd parity. As in Fig. S7, the state finally converges to a
classical mixture of the two pointer states centered around |+avy).
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Figure S9: Expectation values of observables for the storage state during pumping. From
the Wigner functions presented in Fig. S7, we can calculate the expectation value of any observ-
able (22). Values extracted from raw data are in full dots, and those extracted from the recon-
structed Wigner functions are in full line. We represent the average photon number (a), the av-
erages (b) and the variances (c) of X = (a,+al)/2, P = i(a, —a])/2. Defining X = X — (X)
and P = P — (P), we represent in (d) the fourth order cumulants: <)_( 4> -3 <)_( 2>2 and

(PY) —3(P?)

23

0.4}

0.2F
0.0FC0 eXe) 0C0o- o

5009966889585°g 0 s o

-0.2F

—0.4}
0 5 10 15 20

(d) time (us)

o

—=10F
—-15}
—20F
-25F

-30
0

OFE0G0
oB8xr050000 o ©0Y 00
Fo 68000 ° o

O

O
O,

O

Co
o
OOOOOOO_
5 10 15 20
time (us)



(a) (b)

4.0 T T T T T
[}
5000°° 0.4f .
@ o°
€ 3.0} o i
g ' 9] 0.2F -
< o =
c ~
2 o o
5 2.0} L £ 0.0p0OO0OO0OOO0OO0000000000
5 © i
o o ket
2 -0.2} E
5 1LOF e} -
® o
I} -0.4}F -
0.0bo L L L L L L
5 10 15 20 0 5 10 15 20
ti I ti
(C) ime (us) (d) ime (us)
4.0 . 5500 - T T r
OOO ?:3 Osooggooooooooooooooo-
— L o J x o
g 3.0 5 S st 5 ]
g o o 10 o
° o 5 T ¢} T
< 20pF b ° o
= © 6 —-15F o -
i:, le) s ]
S0} o { €29 °5 1
oo 2_25' OOOOOO'
000
0000000000 S
0.0L2000Q0 L ) ° _39 L . "
0 5 10 15 20 0 5 10 15 20
time (us) time (us)

Figure S10: Expectation values of observables for the storage state during pumping. Iden-
tical description as Fig. S9, where the values are extracted from the numerical simulations
described in Fig. S7.
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Figure S11: Photon number distribution of the storage state during pumping. Each panel
k of the 20 panels in (a,b), ordered from left to right and top to bottom, represents the photon
number distribution of the storage state after ¢, = k us of pumping. In (a) we perform qubit
spectroscopy with a 400 ns sigma gaussian 7 pulse. Due to the qubit-storage number splitting,
this is a measure of the photon number distribution in the storage. In (b), we represent the
diagonal of the reconstructed density matrix obtained from the Wigner tomography. These two
independent measurements give consistent results, and exhibit the non-poissonian character of
the photon number distribution during the transient evolution.
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4 Supplementary tables

Mode Frequency (GHz) | Ty (us) | Ty (us) | Thermal population
Qubit 4.9007 23 1 20%
Storage 7.57861 20 - < 5%
Readout 7.152 0.025 - < 2%

Table S1: Frequencies, thermal populations and coherence times of each mode.
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x/2m (MHz) | Qubit | Storage | Readout
Qubit 130

Storage 1.585 | (0.004)

Readout 35 0.206 2.14

Table S2: Dispersive couplings between the qubit, storage and readout modes. The di-
agonal elements in this table refer to the self-Kerr terms, which enter in the Hamiltonian as
D e ars —X’"T’"aT “a2 | where the subscripts m = ¢, r, s stand respectively for the qubit, read-

m m?>

out and storage. The off-diagonal terms in the table are the cross-Kerr terms, which enter the
Hamiltonian as —y,.ala,ala, — x,-ala,ala. — x,.ala.ala,. The value for the storage Kerr (be-
tween brackets) was not directly measured, but only estimated from other measured quantities

using the geometric equality: Yss = ng /4Xqq (32).
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