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We use a quantum path integral approach to describe the behavior of a microwave cavity coupled
to a dissipative mesoscopic circuit. We integrate out the mesoscopic electronic degrees of freedom
to obtain a cavity effective action at fourth order in the light/matter coupling. By studying the
structure of this action, we establish conditions in which the cavity dynamics can be considered
as Markovian. In this case, one can use a Lindblad equation to describe the cavity quantum dy-
namics, with effective parameters set by electronic correlation functions. This equation reveals that
the mesoscopic circuit induces an effective Kerr interaction and two-photon dissipative processes.
We use our method to study the effective dynamics of a cavity coupled to a double quantum dot
with normal metal reservoirs. If the cavity is driven at twice its frequency, the double dot circuit
generates photonic squeezing and non-classicalities visible in the cavity Wigner function. In par-
ticular, we find a counterintuitive situation where mesoscopic dissipation enables the production of
photonic Schrodinger cats. These effects can occur for realistic circuit parameters. Our method
can be generalized straightforwardly to more complex circuit geometries with, for instance, multiple
quantum dots, and other types of fermionic reservoirs such as superconductors and ferromagnets.

PACS numbers: 42.50.Pq, 74.25.N-,73.23.-b, 73.63.Fg

I. INTRODUCTION

Embedding nonlinear Josephson circuits into mi-
crowave cavities has enabled impressive progress in the
quantum control of microwave lightY. Indeed, the field
of circuit Quantum Electrodynamics (QED) offers many
functionalities. For instance, squeezed photonic states,
where the uncertainty of one quadrature is reduced be-
low the zero-point level, can be obtained by embedding
a nonlinear circuit such as a Superconducting Quan-
tum Interference Device (SQUID) array into a microwave
cavity2. A classical cavity state can evolve into a quan-
tum superposition of coherent states due to an effec-
tive Kerr interaction provided by a superconducting
quantum bit3?. One can also generate arbitrary quan-
tum superpositions of Fock states by using the time-
dependent coupling of a superconducting qubit to a mi-
crowave resonator™®. For most quantum protocols im-
plemented so far, cavity damping is a spurious effect.
However, it has been demonstrated experimentally that
in a nonlinear circuit QED setup driven with microwaves,
photon-number dependent losses can be used to pre-
pare photonic Schrédinger cat states® and stabilize au-
tonomously Fock states”. This result contributes to a
research field called “reservoir engineering”, which pro-
motes the idea that, contrarily to the common belief,
dissipation is not always harmful for the quantumness of
a system®™ Thanks to this rich phenomenology, non-
linear microwave cavities offer many possibilities of appli-
cations, from sensing to quantum information and com-
munication. For example, squeezed states of light offer
a powerful resource for quantum-enhanced sensing 213
More recently, quantum computing schemes have been
suggested, where quantum information would be encoded

FIG. 1: Example of Mesoscopic QED device. Panel (a):
Microwave cavity ac driven at twice the cavity frequency wo.
The nanocircuit (in grey) is coupled capacitively to the cavity
central conductor at an electric field node. Panel (b): Double
quantum dot coupled to normal metal reservoirs N with a
tunnel rate I'. The dots are tunnel coupled with a hopping
strength ¢7,r. The normal metal reservoirs have a voltage bias
Vb. Panel (c): Schematic representation of the cavity Wigner
function as a function of the field quadratures, measured by
performing the cavity tomography.

in a manifold of cavity states stabilized autonomously by
two-photon dissipation™. In this context, the photonic
Wigner function is a widely measured quantity to charac-
terize the joint statistics of the cavity field quadratures™s.
It is obtained experimentally by performing the cavity
tomography?.

In standard Circuit QED experiments, the Joseph-



son circuits coupled to microwave cavities are exclusively
made of superconducting metals and Josephson junc-
tions. However, due to the versatility of microwave fabri-
cation techniques, the connection between Circuit QED
and mesoscopic physics is naturally growing!®, Re-
cently, circuits enclosing a singlel® or a double!? quantum
dot and normal'®1?, ferromagnetic2*2! or superconduct-
ing reservoirs?223 have been coupled to microwave cav-
ities. In the experiments performed so far, microwave
cavities have appeared as a powerful means to character-
ize the electronic spectrum and dynamics of mesoscopic
circuits. However, the scope of Mesoscopic QED could
go far beyond. Indeed, mesoscopic circuits are intrin-
sically nonlinear due to their anharmonic energy spec-
trum. Besides, fermionic reservoirs represent a specific
source of dissipation which involves electrically controlled
quantum transport. It is therefore appealing to investi-
gate the potentialities of Mesoscopic QED for produc-
ing quantum cavity states. In this direction, entangled
light /matter states due to a strong charge/photon 25
or spin/photon?1*2"28 coupling have been obtained in
recent experiments, using double quantum dots circuits.
However, many more situations remain to be explored.

On the theory side, the effect of dissipative fermionic
reservoirs in Mesoscopic QED setups has been mostly
investigated in the semiclassical regime where the num-
ber of cavity photons is so large that quantum fluctua-
tions in the photon number can be disregarded?4:22132,
Otherwise, a sequential tunneling description of quan-
tum transport has been used, which is valid only for very
small tunnel rates3388, A general quantum description
of Mesoscopic QED is lacking. One needs to develop
a theory which describes the cavity quantum dynam-
ics in the presence of dissipative mesoscopic transport.
This description must apply to complex circuit configu-
rations with arbitrary tunnel couplings to voltage-biased
fermionic reservoirs. It is also important to take into ac-
count the nonlinear photonic effects inherited from the
light /matter interactions, which have been eluded so far
in the theory of Mesoscopic QED, and offer a vast field of
investigation. This requires to work beyond the second
order treatment of the light /matter coupling.

In this work, we fill these gaps by employing a quantum
path integral technique along the Keldysh contour, which
is particularly convenient to integrate out electronic de-
grees of freedom and obtain an effective description of the
cavity nonlinear behavior®”. We consider a cavity with
frequency wy coupled to a mesoscopic circuit and excited
with a microwave tone at frequency 2wy with a moder-
ate amplitude ¢, (i.e. €, can be treated to first order).
We note g the order of magnitude of the light/matter
coupling in the mesoscopic QED device. We obtain the
effective quantum action of the cavity to fourth order
in g/wp. This action depends on electronic correlation
functions of the mesoscopic circuit, which we express in
terms of Keldysh Green’s functions. It reveals that, in the
general case, the cavity has a non-Markovian dynamics
and is subject to photon-photon interactions mediated

by the mesoscopic circuit. However, we establish suffi-
cient conditions on the mesoscopic correlators for having
a Markovian cavity dynamics. In this case, the 2wq drive
produces a coherent two-photon drive and an unusual
squeezing dissipation at third order in g/wy. Addition-
ally, the mesoscopic circuit induces, at fourth order in
g/wo, Kerr photon-photon interaction as well as stochas-
tic two-photon losses and gains. Importantly, our results
are valid for tunnel couplings rates to the reservoirs of
the mesoscopic circuit smaller as well as larger than the
electronic temperature since no sequential tunneling hy-
pothesis is required. We make the realistic assumption
that the cavity has a large quality factor and a dressed
linewidth much smaller than the mesoscopic resonances
linewidth. We finally disregard Coulomb interactions in
the mesoscopic circuit.

We use our method to study the quantum dynamics
of a microwave cavity coupled to a non-interacting dou-
ble quantum dot (DQD) with normal metal contacts bi-
ased with a voltage V;,. We identify two situations where
the effective dynamics of the cavity is Markovian but
nevertheless displays clear non-linear light/matter inter-
action effects. The first situation is the limit of a low
light /matter coupling (¢ ~ 0.0lwp). In this case, we
derive an effective Lindblad equation description of the
cavity behavior to third order in g/wp, from which we ob-
tain an analytic expression of the cavity Wigner function
in stationary conditions. The 2wq drive produces a co-
herent injection/withdrawal of photon pairs in the cavity
and an unusual squeezing dissipative process. This leads
to a squeezing of the cavity vacuum, which depends non
trivially on the system parameters. The second Marko-
vian situation is when the double dot is resonant with
2wo and has moderate interdot hopping and tunnel cou-
plings to its reservoirs, and the light/matter coupling is
moderate (g ~ 0.1wg). In this case, a Lindblad equation
to fourth order in g/wy is necessary to describe the cavity
dynamics. In this limit, we find that, in the absence of a
cavity drive (¢, = 0), dissipative transport in the double
dot circuit can enable the stochastic absorption and/or
emission of photon pairs in the cavity, depending on the
value of Vj,. When the cavity is ac driven (e, # 0) with
Vi, = 0, we show, with numerical simulations of the pho-
tonic Lindblad equation, that the DQD circuit can be
used to produce photonic Schrodinger cat states. This
effect is expected for realistic circuit parameters. It is
due to a combination of the two photon drive in £,¢% /wd
and the photon pair damping in g*/w3. Hence, counter-
intuitively, mesoscopic dissipation enables the generation
of a quantum superposition of cavity states. More gen-
erally, our work demonstrates the interest of Mesoscopic
QED for the preparation of quantum photonic states.

Our approach can be used to explore many more circuit
geometries and protocols, with single or multiple quan-
tum dots, or extended nanoconductors modeled with the
Hubbard modePP¥3240H42 and different types of fermionic
reservoirs. Hence, it should be instrumental for the de-
velopment of Mesoscopic QED in the nonlinear quantum



regime, towards which experimental efforts are headed.

This article is organized as follows. Section II intro-
duces the Mesoscopic QED Hamiltonian and discusses a
direct density matrix description of Mesoscopic QED and
its drawbacks. Section III presents the general descrip-
tion of Mesoscopic QED with the path integral approach.
It also explains how the cavity effective action leads to a
Markovian Lindblad description, at third order in g/wy
for any parameters, or at fourth order in g/wg provided
some mesoscopic correlation functions fulfill a Markovian
condition. Section IV applies the results of section III to
the example of a microwave cavity coupled to a double
quantum dot. In particular, it shows how the double dot
can be used to squeeze the cavity vacuum or to produce
photonic Schrédinger cats. In section V, we discuss the
perspectives of generalization of our approach to a large
span of mesoscopic circuits. Appendix A gives details on
the derivation of the cavity effective action at fourth or-
der in g/wp. Appendix B1 gives a direct calculation of the
possible semiclassical values of the cavity photonic am-
plitude at fourth order in g/wg (without using the path
integral approach). This enables a semiclassical interpre-
tation of some of the parameters which occur in the cavity
effective action. Appendix B2 shows an alternative way
to determine the possible values of the cavity photonic
amplitude, by considering the saddle points of the cavity
action. The agreement between the results of Appendix
B1 and Appendix B2 at fourth order in g/wg provides an
important sanity check for our approach. Appendix D
establishes a quantitative equivalence at order 2 in g/wg
between the Lindblad equation arising from the direct
density matrix approach and the Lindblad equation aris-
ing from the path integral approach. Appendix E gives
details on the calculation of the cavity Wigner function.
Appendix F gives details on the dependence of the pho-
tonic squeezing effect on the double dot parameters.

II. DESCRIPTION OF MESOSCOPIC QED
WITH A DIRECT DENSITY MATRIX
APPROACH

A. System Hamiltonian

We consider a cavity with bare frequency wq excited by
a microwave drive £,.(t), and coupled to a mesoscopic
circuit. This circuit contains N discrete orbitals with
index d, coupled to fermionic reservoirs with a continuum
of states with index k. The mesoscopic circuit can be
for instance a quantum dot circuit, in which case the
orbitals d are located in the dots**1¥ Each orbital d is
coupled to the electric quadrature of the cavity field with
a constant g4 (see Ref*? for a first-principles description
of this effect and a microscopic expression of g4). The
resulting Mesoscopic QED device can be described with

the Hamiltonian
ﬁtot = WO&T& + Eac(t) (d]L + d + ﬁb (1)
+ Hmeso + ng(&T + &)égéd
d

with

IA{meso = deézéd + Z (td@dé:;, éd + HC)
d d<d’

+ Z (tk,déléd + H.C.) + Ewkézék (2)
ko %

Above, a' is the cavity photon creation operator, é:ri
the electron creation operator in the discrete orbital
d € [1,N] and é,Tc an electron creation operator in a level
k of one of the fermionic reservoirs. In the general case,
the indices k and d include the spin degree of freedom.
We do not specify the exact Mesoscopic circuit geometry
for the moment because our approach is general. The
tunnel hopping strength between two orbitals d and d’[k]
located in neighboring sites of the circuit is noted ¢4z 4-
We use i = 1. Intrinsic cavity damping is described by
the Hamiltonian h;, which we do not specify here. In
most cases, the orbital energy wy of site d can be finely
tuned with an electrostatic gate, and bias voltages can
be applied to the fermionic reservoirs to induce electronic
transport. In the following, we assume that an ac drive

Eac(t) = (epe™ 20" + ere’?0t) /2 (3)

is applied to the cavity. We will see that both compo-
nents in e~#2%ot and e’?“ot contribute to the the cavity
response through higher order processes (effect in (g/wg)3
at least). For simplicity, we do not describe explicitly the
microwave inputs and outputs of the cavity but this can
be added straightforwardly by using the input/output
theory 294445,

B. Direct density matrix approach and its
drawbacks

The most commonly used description of Circuit QED is
the density matrix approach which consists in expressing
directly the time evolution of the system density matrix.
Here we will shortly discuss this approach to point out its
weaknesses and the interest of the path integral approach
in the context of nonlinear Mesoscopic QED.

We assume that the interaction term V is a per-
turbation in the system Hamiltonian, in comparison
with the cavity contribution in wp and mesoscopic con-
tribution Hp,eso. For simplicity, in this section, we
also assume that there is no cavity drive (¢, = 0)
and no cavity intrinsic dissipation (i.e. hy is negligi-
ble). In these conditions, it is convenient to use the
interaction picture, where the density matrix pf(t) =
ei“’ﬂdf‘““ﬁm“f’tp(t)e*i‘*’odmt*mm“t of the full meso-
scopic QED device (cavity+mesoscopic circuit) has an



evolution equation

ap'(t)

T —i[V(t),p" (t)] (4)

with
V(t) = N(t) (ae™0 4 afeiwot) (5)
N(t) = Edjgdﬁd(t) (6)

and

fa(t) = eiflmesoté;rl&defif{mesot (7)

Note that ﬁmeso and é;éd do not commute due to dot-
dot and dot-reservoir tunneling. Hence, from Egs. @
and , N(t) depends on time.

We now discuss the expression of the cavity dynamics
at second order in g. The integration of Eq. gives

P(0) = pllto) —ifdn V(). o ()] (8)

to

with tg a reference time far in the past. Inserting this
equation back in Eq. gives

P80 = (1), o' (o)

- ftdtl[f/

to

t), [V(t), o' (t2)]]
(9)

In the limit where the mesoscopic system has a correla-
tion time 7 which is much shorter than the cavity char-
acteristic timescale of evolution 7', only the times ¢; such
that t — ¢t; < 7 will contribute in the above integral9.
Accordingly, one can assume that the mesoscopic system
is constantly at equilibrium, i.e.

pI(tl) = pgneso ® pg(w(tl) (10)

with p¥ .., the equilibrium density matrix of the meso-
scopic circuit for g4 = 0. Finally, since 7 < T, one
can use pl(t1) = p% .., ® pl,,(t) in the above integral,
Performing the trace Tr on the mesoscopic degrees of

d
freedom, one finally gets
Opean(t)
ot

= *Z.TI' [[V(t)a p(r)neso & pgav(to)”

- fdt1 I [V(®), [V (t1), Prmeso @ Pran®]]] (1)

to

A reorganization of Eq.(|11)) gives, keeping only resonant
terms and considering a stationary situation,

Opta®) 3 by w0)] Lol 1)
-2 Im[XA (WO)] at (pcav (t))
—iRe[xn(wo) — xa(wo)] [aa, pl,, ()] + 0(3?)
(12)

Above,

o A 1 ~:2
£, k) = X (Lotkad — {E L)) (19
J
is the Lindblad superoperator associated to the jump op-
erator L;. We have disregarded the first order term in
§/wo which is non-resonant with the cavity. The meso-
scopic correlators

xa(t) = =i0(t) (N(O)N ()} (14)

and

—i0(t) <N(t)N(0)> (15)

x5(t)

whose Fourier transforms xaip)(w) = [dt xap(t)e™"
appear in Eq.(12] ., have to be evaluated to second or-
der in the light/matter interaction. More precisely, from

Eq.@, one can use <N(t’)N(t)> = > g0 9agar Aaa(t's 1)

and Ay q4(t', 1) = <c:;/( Nea (t')e T( t)é d(t)>0 where (), de-
notes a statistical average calculated for g4 = 0 for any

d, ie. Aga(t',t) =Tr [pmesocd,( Nea (t)eh(t )cd(t)} . In
the absence of Coulomb interactions, the evaluation of
Ag,q can be done straightforwardly by using the Wick
theorem (see for instance Ref47).

To describe the dynamics of pl,, beyond the second
order in g, one straightforward idea is to iterate Eq..
This gives

Oplay(t)
Optan®) (16)
= i V0. o)) - fat T V0.1V 0. )]

+i[[dtadty o [V (), [V(ta), [V (t2), " (t)]]]]

to,to
t,t1,t2

+ JJ] dhdtadts Te[V(2), [V(22), [V(ts), [V (ta). " (t)]]]

to,to,to

+o(g")

At this stage, conceptual difficulties as well as calculation
heaviness make the generalization of Eq. nontrivial.
First, a back-action of the cavity on the mesoscopic den-
sity matrix should be taken into account. This means
that expression cannot be used to express p!(tg) in
Eq.. Hence, it will be more difficult to introduce
independently defined mesoscopic correlators in the ex-
pression of dpl, (t)/0t. Besides, the dynamics of the
system is not anymore Markovian in the general case,
so that pf,,(t) does not appear naturally in the right
member of Eq.(16]). Finally, even in a case where a gen-
eralization of the Markovian Eq. (12| . would be possible,
due to the iterative structure of Eq. . the number of
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FIG. 2: Synoptic table of the theoretical approach introduced
in section III

mesoscopic correlators to define would explode, and the
explicit calculation of these correlators from the meso-
scopic circuit Hamitonian would be a lengthy task. In
fact, all these difficulties stem from the fact that the trace
on the mesoscopic degrees of freedom is performed after
the time evolution of p!(¢) is expressed. It is thus crucial
to use a calculation method where the electronic degrees
of freedom are integrated earlier, i.e. at the level of the
device Hamiltonian. This is why we will develop an ef-
ficient quantum path integral description of Mesoscopic
QED in the next section.

III. GENERAL DESCRIPTION OF
MESOSCOPIC QED WITH THE QUANTUM
PATH INTEGRAL FORMALISM

This section describes a general method based on the
quantum path integral description to describe the effec-
tive behavior of a microwave cavity coupled to a meso-
scopic circuit. From the Mesoscopic QED Hamiltonian of
Eq., we express the global quantum action of the sys-
tem (see section. The fermionic degrees of freedom
in this action can be integrated out to obtain the cavity
effective action (see section . We compare this ac-
tion to the action given by a generic Lindblad description
of a cavity dynamics (see section. This enables us to
establish a criterion to have a cavity Markovian dynamics
at fourth order in the light/matter coupling. When this
criterion is fulfilled, we can finally write the cavity effec-
tive Lindblad equation. This approach is summarized in
the synoptic table of Figure

A. Quantum action of the whole Mesoscopic QED
device

A generic description of Mesoscopic QED can be built
by expressing the Schwinger-Keldysh partition function
of the system with a quantum path integral along the
Keldysh contour?. To this end, we define, along the
forward and backward branches of the Keldysh contour,
the fields ¢ (t), @+ (t), ¥+ a(t) and 91 4(t), which corre-
spond to a possible “realization” of the operators a, a',
éq and éL over time*®. It is convenient to define the av-
erage and relative field components . /,(t) = (¢4 (t) £
- (O)/VZ, Baalt) = (P4(t) £ - (0)/V2, Yopralt) =
(Y1) £ Y a(t)/V2, and Poj1a(t) = (Pr.a(t) F

¥ 4(t))/v/2. These quantities can be grouped into vecto-
vial fields o (t) = {a(t), o)}, P(t) = 12a(t), Fo(D)},
(t) = Yao(), va(£)} and B(2) = {Go(t), tr(t)}. Note
that in the case of a mesoscopic circuit with several dis-
crete orbitals, the fields g(t) and ;(¢) have an or-
bital structure ¥, (t) = “{tma, (t), .., Ymay (t)} with
m € {0/1}. In the main text of this article, all the fields
have a time argument ¢, which is omitted for brevity,
except when two times ¢ and ¢ are involved in an equa-
tion. The global Schwinger-Keldysh partition function
Z of the mesoscopic QED device and the correspond-
ing quantum action Sy, can be obtained directly from
Hamiltonian by considering the elementary evolution
of the system along the Keldysh contour®. This gives

Z = / A, i, , et Seor (B2rt¥) (17)
with

StOt(@)@aiaw) = Sgav(¢7<p) + Sgaeso(,&7¢) (18)
+ ASac(@a 80) + ASinter(@a 2 "Z}» 1/1)

Above, d[p, p, ), 1] is the differential element associated
to the fields @, ¢, ¥ and . The term

B o 0 Dy — e Pel
SO , :/ . ) ' t 2 c
ca’u(gp 90) [‘pl @q] |:Dt+z/2\o 1A0(1+2TLB) ©q
t
(19)
is the bare cavity action, with D; = i0t — wg, np =

1/(e%o/k8T _ 1) and Ay a damping rate due to the cav-
ity bath treated in the Markovian approximation®”, For

compactness, we note fjoooo dt = [,. The cavity drive
brings a contribution:

ASac(®,0) = _\/i/t(@q + ©q) €ac(t) (20)

The bare action from the mesoscopic circuit is

5000 (8,1) = / OGN (21)

tt!



with G the mesoscopic circuit Green’s function in the
absence of light /matter coupling. The contribution from
the light /matter coupling is

ASiter(p10.5:8) = = [ B(O0(8, 0,05~ ) (e)
ot/

(22)
with ffj;o dt dt' = ft,t/ and ¥ a light/matter coupling

function. Both G and v are defined below.

The unperturbed mesoscopic circuit Green’s function
which appears in Eq. has the structure G(t,t/) =
[ G(w)e 1) with3

Glw) = {Gré“) G &’;] (23)

the 2 x 2 mesoscopic Keldysh space. Above, 0 is a ma-
trix full of zeros in the N x N the mesoscopic orbitals
space. The retarded, advanced and Keldysh components
Gr/a/K( w) of G also have a N x N structure in the meso-
scopic orbitals space. In the absence of superconducting
correlations in a circuit, the elements of G,., G, and G
in the line d and column d' can be defined as

G4 (t) = —if(t) <{éd(t), et = 0)}> (24)

GU (1) = i0(—0) ({ealt) b= 0)})  (25)
and

G () = =i (leat).cht=0)])  (26)

respectively, with the Fourier transforms G, Ja/K (W) =

+ ~ .
f_;o dt Gr/a/K(t)eu'Jt. >
a more explicit expression for G because we consider a
generic mesoscopic circuit. An example of expression for
G will be given in sect1onn for a non-interacting double
dot.

The light matter coupling occurs in Eq. through
the term

At this stage, we do not give

3(, 1) = gLl F e <f>>6o;§<wq<t> - pg(1)5

(27)
Above, we use matrices Fo[1] = Fop1] ® 1, where &y and
01 correspond to the identity and the first Pauli matrix
in the Keldysh subspace of the mesoscopic circuit (index
0/1) and 1 is the identity in the mesoscopic orbitals sub-
space. We also note § = 69 ® ¢ with § = diag|g, ..., gN]
a diagonal matrix in the mesoscopic orbitals subspace.
More generally, the superscripts o and ~ decorate a ma-
trix in the 2 x 2 mesoscopic Keldysh subspace and the
N x N mesoscopic orbital subspace, respectively. The
superscript V decorates a matrix in the tensor product
of these two spaces. The notation g used previously cor-
responds to g = maxg[ga].

B. Effective cavity action to fourth order in §/wo

In order to obtain an effective description of the cav-
ity dynamics solely, one must integrate out the electronic
degrees of freedom in Eq.. For simplicity, we will dis-
regard Coulomb interactions in the mesoscopic circuit.
In this case, the mesoscopic QED action is quadratic
with respect the electronic fields 1 and v, and one can
thus perform a straightforward Gaussian integration of
Eq.(17) on these fields (in the interacting case, it is possi-
ble to use more elaborate integration procedureb 9). The
resulting effective cavity action S¢/f (@, ) can be sim-
plified after a systematic expansion with respect to the
light /matter coupling matrix § (see Appendix A for de-
tails). We work to fourth order in §/wp in order to cap-
ture essential non-linear electron/photon interaction ef-
fects. In order to simplify the final expression of S&/7,
we assume that the dressed cavity linewidth is much
smaller than wy and the width of the mesoscopic res-
onances linewidth. This criterion is largely satisfied in
experiments as well as for the parameters used in this
manuscript. We finally obtain the expression

Sl (@.0) = (@) + X ASS(B,9) + (g
i€{2,3,4}
(28)

Above, AS&Z) is the mesoscopic circuit contribution to
Self to it" order in §/wo. The first order contribution in
§/wo can be disregarded because it is not resonant with
the cavity.

The second order contribution

oo ] w

involves the semiclassical charge susceptibility

2}/ —
ASP (@, ) =

i ~ (A ~ -
X2 =3 /Tdr [GK(w)g (Ga(w —wp) + Gr(w +wo)) g}
(30)
of the mesoscopic circuit at frequency wy and the corre-
lation function
Ay = —=

: / TG (7Gx (0 + 0)3 (31)

w

+ Go(w) GG (w + wo) G + G (W) §Ga(w + wo)J]

—+oo

We note [ = [ % and 'l;r the trace operator on the

w —o0
mesoscopic orbital index d. Note that xs has already
been introduced in other workg22/2932i380500 - aggentially
for studying the semiclassical behavior of a Mesoscopic
QED device to second order in §/wp. A cavity frequency
shift is caused by Re[x2] whereas Im[x2] renormalizes the
bare cavity linewidth Ag of Eq.(L9). The parameter A, is
necessary to describe the quantum regime of Mesoscopic
QED, but it has been disregarded so far. From Eq.



with G (w) = —Gr(w)" and Gy(w) = G, (w)T, one can
check that Ay is purely imaginary.
For ¢, # 0, we obtain a third order term Ség) (t) in

J/wo which can be expressed as
B3 ) — i | p=2iwot [5 0 Ua/2| |§a

. i 0 -U; /2 rol:|
_ 2iwot cl
z/te [@cl @q] . [_U:Z/Q U; ] . |:(Pq

(32)

and
ﬂp = Epto/Q
Above, we note kTg the trace operator on both the meso-

scopic orbital inaex d and the Keldysh index k. The
prefactor

(35)

to = Gg(2wo) + G5 (—2wo)

takes into account how the mesoscopic circuit feels the
ac drive through the cavity, with

(36)

Gyl () = (w — £ i50)!
the bare cavity retarded/advanced Green’s function [see
Eq. for a semiclassical picture of this effect]. Subse-
quently, the reaction of the mesoscopic circuit to the ac
drive affects the cavity effective behavior, as described by
the terms in U, and U,. Importantly, these terms can
be significant because the smallness of ¢y can be com-
pensated by the use of a large enough drive amplitude
Bp. Interestingly, the coefficient U corresponds to the
semiclassical joint response of the mesoscopic charge to
the cavity field in & and to the drive in 5, (see Appendix
B1, Eq.(114)).

Finally, we find a fourth order contribution in §/wo,
which occurs even for 3, =0, i.e.

37)

PelPel
AS(@,0) = — / [GeiPer PeiPq PaPq) A | Peitpq
t PqPq
(38)
with
0 x3 —Ujg
A= X4 /\4 V4* (39)
Us Vo Wy

X4 = Z.(-/\/‘q,cl,cl,cl + Ncl,q,cl,cl) (40)

A1 = i(Net,getg + Netggel + Noetetg + Noetg,er) (41)

Vi = i(Nq,quq + Nq,q,q,cl) (42)
Us(wo) = iNg q.cl,el (43)
Wa(wo) = iNgq.q.q (44)

(45)

and Gy = G(w + wp). Note that A\ and W, are purely
imaginary due to Gg(w) = —Gg(w)" and G,(w) =
Gr(w)t. The coefficient x4 corresponds to the second
order semiclassical response function of the quantum dot
to the cavity electric field (see Appendix B1, Eq.).
The other coefficients Ay, Uy, V4 and Wy are necessary to
describe quantum fluctuations of the cavity field. In sum-
mary, Egs. - describe the effective action of a
microwave cavity in a generic Mesoscopic QED device to
fourth order in the light /matter coupling. This requires
to introduce new types of quantum dot correlators than
the known yo. We will discuss the physical effect of the
new correlators Ao, Ug, Ug, X4, A1, Us, Vi and Wy in
the next sections. Importantly, one has to choose an ap-
propriate technique to obtain an explicit description of
the cavity dynamics out of the cavity effective action. In
the following we will consider Markovian situations such
that an effective Lindblad equation on the cavity density
matrix can be used.

C. Correspondence between the cavity effective
action and a photonic Lindblad equation

The most popular description of Circuit QED is the
Lindblad equation which describes the evolution of the
cavity density matrix. Below, we come back to this de-
scription to clarify the physical meaning of the different
terms in the cavity action.

1. Cavity effective Lindblad equation up to third order in
g/wo

In the limit of low couplings g4 and limited cavity drive
Bp, the cavity field remains small so that one can truncate
the cavity effective action to third order in §/wg. In this



case, we show below that it is always possible to estab-
lish a Markovian Lindblad equation on the cavity density
matrix. Thereby, we clarify the physical meaning of the
terms in U, and Uj,.

When a cavity follows a Markovian evolution, the time
derivative of its density matrix peqy(t) only depends on
the value of pgq, at time . More precisely, one can use
a Lindblad equation®®:

&)%Z(t) = —ilHL], peav()] + 7L (pean())  (46)

with HElS the effective cavity Hamiltonian, v, the rate of
a dissipative process corresponding to the jump operator
L; and ﬁij (Peav) defined in Eq.. Let us assume that
the effective Hamiltonian has the generic form

HET = (wo+Awp)ala+ip,e 20 a1 —iphe’<ota® (47)
and the dissipative processes are characterized by

(’Yjaf/j) € P with
P = {('710857 d)v ('79ain’ &T)a (’va a+ ewpe_QWOth)} (48)

The above parameters Awo, Pp, Vioss, Vgain and 7p are
unspecified for the moment. The action corresponding to
the master equation can be expressed as (see details
in Appendix C)

B B 0 F *Z"Y; c
Smark(t) = / [Pt @4] - [Ft + i3 ti% : ] ' {i;]

o .8 ][]

* —ipp ipe'Fr $q

/
/

; 0 iy ® l:|
4 ez2w0t . N f?’ . c
[Pt ] Lpp e ,%} qu
(49)
with
Y— = Yioss — Vgain (50)
Y+ = Yloss + Ygain + 27p (51)

and F; = i0t — wy — Awyp. It is possible to perform an
exact identification between the actions of Eqs. and
to third order in §/wg by using

Awy = Re[x2] (52)
pp = Ua/2 (53)
e = ~U, (54)

Voss = Wlooss —Tp (55)

Ygain = 'Vgain —Tp (56)
with
0 A2
Vioss = A()(l + nB) - Im[X2 + ?] (57)
0 A2
Ygain = Nonp + Im[xs — ?] (58)

and vy, > 0 by definition.

We now comment on the physical effect of the com-
ponents (52)-(58). As found previously2223E2E850] the
cavity frequency shift Awg is directly set by the real
part of y2. A comparison between Eqs. and
indicates that the cavity intrinsic linewidth Aq is also
shifted by AAy = —2Im[yz]. The dissipative processes
with rates 05 and vgqin correspond to standard single
photon emission and absorption which are widely consid-
ered in circuit QED. One can see from Egs. (55)-(58) that
Im|x2] contributes to the asymmetry between the pho-
ton loss and gain rates ¥ioss and Ygain Whereas Im[Ag]
contributes equally to 7,55 and ygqin. The coefficients
pp and 7y, account for the effect of the ac drive since they
are nonzero only for 8, # 0. From Eq., U, gener-
ates the two-photon coherent drive in p, of Eq.. In
Circuit QED, a similar drive has been recently obtained
by using a complex configuration with two microwave
cavities coupled nonlinearly and subject to two off res-
onant drives®. Finally, the process with a rate 7, gen-
erated by U, has not been considered so far and seems
more specific to strongly dissipative structures. Its jump
operator L, = a + etPre—2w0tat corresponds to an un-
usual time-dependent coherent superposition of photon
absorption and emission operators. From Eqgs. and
, one could believe that 7, decreases the single pho-
ton loss and gain rates, but this is not effective because
the rates v4 and y_ through which 7;4ss and v4qin occur
in the cavity action do not depend on ,. Indeed, from
Eqs., (51), (55) and , one has v_ =, — Vouin
and 74 = 7)) . —l—’yam. There remains a term in vy, which
occurs through the second and third lines of Eq. on
the same footing as p,. We will study the effect of this
peculiar term in section for the case of a double
quantum dot and show that it corresponds to a “squeez-
ing dissipation”. Importantly, in this work, we have used
a range of 7, such that one has ;055 > 0 and v4qin > 0,
as required by the definition of the Markovian Lindblad
equation . When the drive amplitude /3, becomes so
large that 7,055 < 0 and/or v4en < 0, we expect that
higher order terms in /3, become relevant, which intro-
duces new terms in the cavity action which are not nec-
essarily Markovian. In this case, the Lindblad Eq. is
not relevant anymore. This limit is beyond the scope of
this article.



2. Cavity effective Lindblad equation to fourth order in
g/wo

We now investigate the possibility to identify the path
integral approach of section [[IT| with a Lindblad descrip-
tion up to fourth order in §/wg. We expect an extra
contribution

HeITA = Kat?a? (59)

to the effective Hamiltonian , which corresponds to
a Kerr photonic interaction. We also expect dissipative

processes with rates and jump operators (v;,L;) € P
with

Py = {(Klosm &2)7 (Kgaim &Tz)’ (D7 &T&>} (60)

The three processes in the above ensemble correspond re-
spectively to two photon loss, two photon gain and pure
dephasing. This leads to an action contribution (see Ap-
pendix A)

PelPel
S](\f[)ark = —/ [BeiPet PeiBq PqBq) -Am- | eiq
t PqPq
(61)
with
. —iD
Ay = | -5 + K —i(D+2K;) —i% + K ]
—7 i tK 0
(62)

and K_ = Kloss - Kgaina K+ = Kloss + Kgain~ To
establish a mapping with the path integral description,
we now have to compare the above matrix Ay, with the
matrix A of Eq. which occurs in the effective action
of the Mesoscopic QED device to fourth order in §/wq.
Strikingly, A,s and A cannot be mapped in all situations.
This is rigorously possible when the condition

Crark = (Wa = 0)&(Re[Us] = 0)&(Va = x3)  (63)

is fulfilled. Equation represents a sufficient condi-
tion to have a Markovian cavity dynamics to fourth or-
der in §/wgy. For a given mesoscopic circuit, one must
test this condition by evaluating numerically the differ-
ent fourth order mesoscopic correlators. When condition
(63) is valid, one has

K = Re[x4] (64)
Kloss/gain = :Flm[X4] + Im[2U4] - Imz[f\‘l] (65)

and
D = —2Tm[U,] (66)

Hence, Re[x4] generates the effective Kerr interaction
(59). Remarkably, there exists an analogy between the

expressions of the rates for the single and two photon
stochastic processes, Egs. and Egs. —. In-
deed, Im[x4] provides an opposite contribution to two-
photon loss and gain, like Im[y2] does for single pho-
ton processes. In contrast, Im[\s] — 2Im[Uy4] provides
the same contribution to two-photon loss and gain, like
Im[A2] does for single photon processes. The term in
Im[U,4] also contributes to photonic dephasing (term in
D). This last effect does not have any analogue to second
order in §/wp.

We could not find other contributions to the jump op-
erator ensemble P, of Eq. to extend the mapping
between the path integral approach and the Lindblad de-
scription beyond the regime of validity of Eq.(63). Any-
how, to fourth order in §/wp, a full mapping cannot be
expected since the dynamics of the cavity is not neces-
sarily Markovian. For instance, there can be “memory”
effects due to a coherent exchange of energy between the
cavity and the mesoscopic circuit. This will be illustrated
in the case of a non-interacting double quantum dot in

section [V El

8. Summary: total photonic Lindblad equation up to fourth
order in §/wo in the interaction picture

In practice, it is convenient to study the cavity dy-
namics in an interaction picture by considering the
time evolution of the cavity density operator

I
Pego(t) =
e pcav(t)e_iwodmt. In this picture, Egs. 7 ,
, and lead to
9plav(t)

= = iHE ol + 5L, (oha)  (67)

iwoalat

with

H = Awodlar +ippal® —ipiat + Kal?al  (68)

cav

and dissipative processes (v;, L;) € Pr with

PI:{(7l0357 d])a ('Ygaina d“[-)a (7}77 d[ + eitpp d"[-)a
(Kl0557 a%)a (Kgai'ru &}2)7 (Da d}dl)} (69)

with a; = e~ ™otq,

Interestingly, Eq. appears as a generalization to
fourth order in §/wg of Eq. obtained with the direct
density matrix approach. Indeed, one can check that
these two Eqs. agree to second order in §/wp, provided
the assumption Ay = 0 of section [[TB]is used. For this
purpose, one must use the equalities

X2 = xB(wo) — xa(wo) (70)
and
A2|go0 = 2 Im [xa(wo) + x5 (wo)] (71)

which are derived in Appendix D.



IV. THE CASE OF A DOUBLE QUANTUM
DOT IN A CAVITY

A. Circuit description

We now apply the results of section [[T]] to the case of
a spin-degenerate double quantum dot coupled to a mi-
crowave cavity, represented schematically in Figll] pan-
els (a) and (b). This circuit encloses two quantum dots
L and R with a tunnel coupling t;r such that Hmeso
includes a term tppélér + thpéhér. The dot L(R)
is contacted to a normal metal reservoir with a tunnel
rate I'z(r). Equation gives I'y = 278k |tk’d|2 for
d € L(R). The rate I'y can be considered as energy-
independent in the framework of a wide band approxima-
tion for the reservoirs with |t 4|* independent of k. In the
following we consider the case 'y, = ' = I'. A bias volt-
age V is applied between the two normal metal contacts.
The orbital energy wr, gy of dot L(R) can be finely tuned
with an electrostatic gate. In principle, wr,(gr) can also
be shifted by a fraction of eV which depends on the ratio
of the junctions capacitances. Here we will assume that
this shift is negligible®!. We will also disregard Coulomb
interactions in the double dot. This basic case presents
essential ingredients of mesoscopic QED: the cavity elec-
tric field can couple to both the internal transition be-
tween the L and R orbitals of the double dot, and to
transitions between the dots and the continuum of states
of the normal metal reservoirs.

B. Unperturbed mesoscopic Green’s function of
the double dot

The unperturbed mesoscopic circuit Green’s function
G of the double dot, whose inverse appears in Eq. ,
must be calculated in the absence of light/matter cou-
pling (i.e. gr = 0 and ggr = 0). It can be obtained by
performing the inversion

=[5 o5 w
with92s3
~ w—w il —
Gy (@) = [ —th: 2, wt;iig} (73)
and
~ iI'(1 —2n w 0
My = [ ( OF,L( ) - ZnF,R(w))] (74)

Equations and stem from the explicit definitions
— of the Green’s functions C;’T/Q/K(w) in terms
of fermionic operators and the expression of the double
dot circuit Hamiltonian (see Eq. with gr gy = 0).
Since we consider a spin degenerate situation with non-
interacting quantum dots, the spin degree of freedom is
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omitted in the above orbital subspace structure. We will
restore it later in numerical evaluations by taking into ac-
count an implicit multiplication by a factor 2 in the traces
operator over the orbital index d. The Fermi occupation
function np (ry(w) = (1 + exp[(w F (eV4/2))/ksT])~"
of the L(R) contact is affected by the bias voltage V.
For later use, we also define the lesser self energy of the
double dot?2

s</ y _ |i'np(w) 0
z (w) o 0 ianyR(w) (75)
and the light /matter coupling matrix
g = diaglgr, gr, 91, gR] (76)

C. Choice of parameters

For simplicity, we will use a nonzero g;, and gg = 0,
which corresponds to DQD experiments realized so far,
where a very asymmetric microwave coupling to the two
dots is engineered. In experiments realized with stan-
dard coplanar microwave resonators, the light matter
coupling is typically gr ~ 0.001wy*’. In a more recent
design based on high kinetic inductance superconduct-
ing nanowire resonators, g; ~ 0.03wg was reached®,
However, since the rms voltage of these resonators is>>
Vims = 20 pV ~ 4.9 GHz for wg ~ 4 GHz, one can
reach gr, ~ wy, in principle, by using a galvanic coupling
between one of the dots and the cavity.

Since we develop the cavity action with respect to gr,
and fp, the amplitude of these parameters must not be
too large. First, in the absence of ac drive, the cavity ef-
fective action has contributions in g2 only, with n € N.
One must use gr/wp < 0.5 so that contributions with
n > 4 remain negligible. Second, when the ac drive is
switched on (8, # 0), action contributions in g%”“ ap-
pear. We will only take into account the lowest order
contribution, corresponding to Eq., which is in 8,97 .
We will use ﬁpgi Jwd < 1 so that higher order contribu-
tions in 3, are expected to be negligible.

D. The low coupling limit: squeezed photonic
vacuum induced by a double quantum dot

1. Ewaluation of the Lindblad equation coefficients to third
order in gr/wo

We have seen above that U, corresponds to a co-
herent two photon drive whereas U, corresponds to an
unusual form of dissipation. In this section, we eval-
uate these coefficients in the double dot case. Figure
shows |Uy| and |U,| versus the dot orbital energies
wr, and wg, for moderate tunnel rates I' = 0.1lwg and
a moderate interdot hopping trg = 0.lwyg. We use a
zero bias voltage in panels (a) and (b) and a nonzero
bias voltage V, = 1.5wp in panels (¢) and (d). Both Uy
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FIG. 3: Panels (a), (b), (c) and (d): Absolute values of the
coefficients U, and U, which account for the effect of the 2wo
drive of the cavity at order 3 in the photon/dot coupling g,
versus the dot orbital energies wr and wgr. Panels (a) and (b)
correspond to a bias voltage V;, = 0 and panels (c¢) and (d)
to eV, = 1.5wg. The other parameters are I' = 0.1wg, tLr =
0.7wo, kT = 0.275wo, gr = 0, and Ag = 5.10 %wy. We use
a normalization factor Uy = g B,/wi. Panel (e) indicates
the positions of resonances between the dot internal degree
of freedom and the cavity for Awrr ~ +R(2wo). Panels (f)
and (g): examples of coherent and dissipative processes in
g% involving the 2wy drive. When the internal transition of
the double dot matches 2wp, it can absorb a 2wy photon.
This enables the emission of two wg photons upon electronic
transitions which are internal to the dot (panel (f)) or involve
the normal metal contacts (panel (g)).

and U, show strong resonances which appear as diagonal
lines in Figfl] These lines correspond to resonances of
the cavity with the double dot internal degree of free-
dom (see panel (e)). More precisely, the bonding and
antibonding states of the double dot, which result from
the tunnel coupling between the left and right orbitals,
have energies wy = (wr +wpr F /Aw?  + 4t7 5)/2 with

Awpr = wyp, —wg the dots orbital detuning. In principle,
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single photon resonances wy —w_ = wy are expected for
Awpr = Y (wp) with Y (wg) = Jwi — 4¢3 5, and two-
photon resonances are expected for Awpp = Y (2wy).
In Figf3] only the two-photon resonances are visible be-
cause we use 2trpr > wp and therefore the condition
Awrr = £Y(wp) can never be satisfied. Panels (f)
and (g) show some examples of two-photon processes
which are expected to contribute to the resonances at
Awrr = £Y (2wp). A photon with frequency 2wy can be
converted into two photons with frequency wy, in tunnel-
ing sequences which can be either purely coherent (panel
(f)) or dissipative (panel (g)). Interestingly, the gate volt-
age area where the two-photon resonances appear is mod-
ified when a nonzero bias voltage is used (panels (¢) and
(d)). This is because the third order processes such as
the one of panels (f) and (g) require that the double dot
bonding and antibonding states are occupied and empty
respectively, and the transport processes induced by a
nonzero V, modify the occupation of these states. There-
fore using a nonzero bias voltage can be useful to trigger
two-photon processes, especially in case of weak tunabil-
ity of wr,(gr), which can happen for some types of quantum
dots. Interestingly, |U,| also shows broad vertical reso-
nances (for wy, constant) outside of the gap between the
Awrr = Y (2wp) and Awrr = —Y (2wp) resonances (see
panels (b) and (d)). These resonances are due to tunnel-
ing between the left dot and the left reservoir, due to the
conditions gy, # 0 and I" # 0. As expected, these res-
onances shift with V}, (compare panels (b) and (d)) and
get thinner when I' decreases (not shown). The transi-
tion between the right reservoir and the right dot is not
directly coupled to the cavity since g = 0, but a broad
horizontal resonance also appears in Figl3p between the
lines Awrr = Y (2wp) and Awrr = —Y (2wp) because the
hybridization between the left and right orbitals enables
tunneling to the right reservoir. Note that the horizon-
tal and vertical resonances induced by the presence of
the normal metal reservoirs are visible in |U,| but not in
|Uei|. This can be explained by the fact that tunneling to
the normal metal reservoirs is a stochastic effect which
impacts more directly the dissipative processes in v, (or
U,) than the coherent drive in p, generated by Ug;.

2. Stationary Wigner function of the cavity to third order
n gr/wo

To characterize the effects of the terms in U, and
Uy, we now calculate analytically the stationary cavity
Wigner function which follows from Eq. to third or-
der in §/wg, i.e. assuming that the terms in K, Kjyss,
Kgain and D are negligible. The cavity Wigner function
can be defined quite generally as

1 N St s
W(Oé,O/k,t) == /dQBe(B a—a*p) <6ﬂa§—51a1> (77)
m t



Following the method of Ref44 one can show that Eq.
leads to the evolution equation

B _ o . 0

w9 9 (0 0 .

+<2 8a8a*+ 2 (8aa+8a*a W
o . 0

_<2pp3aa +2ppaa*a>W

efigop 62 eicpp 82
o 5 o) W

2 Odar?
(see details in Appendix E). To our knowledge, the term
in 7y, in Eq. has not been considered before, in the
context of Circuit or Cavity QED. In the stationary
regime, the solution of this equation is:

1 P
—————exXp 2)
m\/A? — 4|BJ? <A2—4B

W(a,a* t — +00) =

(79)
with
P = Alo|’ + B*a® + Ba*? (80)
and, to third order in §/wy and first order in ¢,
A=y 20 (81)

and

eW’p

B=(p 25 - ) /O 2itn)  (52)

Equation describes a squeezed cavity vacuum. The
major axis of the squeezed Gaussian is tilted by an angle
0 = arg[B]/2 from the Re[a] axis. The fields quadra-
tures along the 6 and 6 4+ 7/2 angles have the variances
AXy = +/—(A/2) £|B]. Strinkingly, from Eq.7 the
coherent drive in p, and the dissipation processes in ~,
can both contribute to cavity squeezing and interfere con-
structively or destructively depending on the value of the
phase ¢,. Note that expression (79) is valid for any type
of mesoscopic circuit as long as (67) can be treated to
third order in §/wp. In Appendix F, we study in more
details the influence of the double dot parameters on the
photonic squeezing.

E. Photonic Schrédinger cat states produced by a
double quantum dot

Obtaining Schrodinger cat states is useful to study the
quantum behavior of a device on a fundamental level as
well as to develop quantum computers. To obtain such
states with our device, we need to invoke the fourth order
terms in gy, /wo of Egs. or , which will generate
multistability in the cavity behavior. For simplicity, we
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FIG. 4: Fourth order electronic correlation functions versus
Awrr calculated for way = (wr + wr)/2 = 0.989wp, I' =
0.01wo, tr.r = 0.15wo, kT = 0.3wo, eV = 0, gr = 0, Bp =
0.35, and Ag = 10 *wy. Panels (a) and (b) show the real parts
of the correlators and panels (c) and (d) the imaginary parts.
The left panels show the area Awrr ~ R(wg) whereas the
right panels show Awrr ~ R(2wo). All correlation functions
are normalized by Co = g7 /wi. The full and empty diamonds
correspond to reference points for a comparison with Figl5|
The Markovian condition is satisfied when the red full
lines and black dashed lines coincide in the top and bottom
panels (x3 = Vi), the green dashed line is close to 0 in both
panels (W4 = 0) and the yellow line is close to zero in the top
panel (Re[Us] = 0). This is true for panels (b) and (d).

will perform the study of this situation in the particu-
lar case where the system dynamics remains Markovian.
This limit presents the advantage of remaining formally
simple while demonstrating interesting potentialities of
Mesoscopic QED.

1. Double dot correlation functions to fourth order in
gr/wo

In the double dot case, can the Markovian approxima-
tion hold to fourth order in g /wp, or equivalently, can
the condition Cpsqrk of Eq. be satisfied? To answer
this question, we show in Fig[] the dependence of the
coefficients x4, A4, Uy, V4 and Wy on Awppg, for a zero
bias voltage (V, = 0) and low tunnel rates (I' = 0.01wyp).
Figures E}a and ¢ show that Cprqrr iS not true when the
double dot is resonant with the cavity (Awrg ~ R(wp)).
This is not surprising, because, in this case, real energy
exchanges between the double dot and the cavity are pos-
sible, leading to vacuum Rabi oscillations in the case of
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FIG. 5: Fourth order electronic correlation functions versus
Vp for ' = 0.01wo [panels (a) and (c)] and versus I for V, =0
[panels (b) and (d)]. We use waqv = 0.989wo and Awrr =
1.967wo. The other parameters are the same as in Fig@. The
diamonds correspond to reference points identical to those of

Fig[]

low T' and Ag. Hence, for the cavity, the mesoscopic
circuit represents a “bath with memory”, which is in-
compatible with an effective Markovian dynamics. An-
other interesting regime is Awrr ~ £Y (2wp), because
the electronic correlation functions in g7 present reso-
nances in this area, as already seen for U, and U, to
third order in gr/wg. The Markovian condition is
satisfied for Awrr ~ £Y (2wp), small values of I' and
trr, and V, =0 (Figs and d) as well as a nonzero V},
(Figs[5h and [Bk). One may attribute this result to the
fact that, in this regime, there can only be virtual energy
exchanges between the cavity and the double dot, which
occur on a timescale which is very short in comparison
with the typical timescale for the evolution of the cav-
ity. The Markovian condition is not valid anymore for
higher tunnel rates I' > 0.1wp (see Figs[5b and [5{d). In-
deed, in this case the resonances at Awrg ~ Y (wp) and
Awrr ~ Y (2wg) start overlapping and the distinction
between real and virtual energy exchanges between the
cavity and the double dot becomes less clear. The Marko-
vian condition is not valid either for Awpr ~ Y (2wp) and
trr large (tLr > 0.3wp) (not shown). This is why, in the
rest of this section, we will focus on the Markovian dy-
namics of the cavity for Awrr ~ Y (2wp), trr < 0.15wp
and I' < 0.1wg. Note that for I' — 0, the imaginary part
of the correlators vanishes (see the very left of Fig
for the onset of this effect). Since we are interested in
the effect of a genuinely dissipative mesoscopic circuit,
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we will only consider the case I' > 0.005wq in the fol-
lowing. In particular, we will consider the working point
I' ~ 0.01wy where [Im[y4]| and [Im[A4]| have a local max-
imum (see very left of Fig). Figure |§| represents some
possible photonic processes at fourth order in gr,/wp in
this limit (see panels (a), (by), (b2), (bs) and (c)), for
different configurations of dot orbital energies and bias
voltage. It also shows Kjoss and Kyqin versus Awppr and
V, for the parameters of Fig[dand Figf with I' = 0.01wg
and Awrr = Y (2wp). In these conditions, one can check
that for V, = 0, the two-photon stochastic dissipation
rate Kj,ss is the dominant stochastic rate in Eq.7
ie. Kgain, D, Yioss and Ygqin are much weaker. The
rate Kj,ss corresponds to the type of processes repre-
sented in Figl6] panels (by) and (bs), where two photons
can be absorbed simultaneously by the double dot cir-
cuit because the double dot is resonant with 2wy, and
this absorption is made irreversible by the presence of
the normal metal reservoirs. The working point wg, = 0
and Awrr = Y (2wp) corresponds to a maximal Kj,ss for
Vs = 0 (see point (bg)). For comparison, in the configu-
ration of (by), Kjuss is weaker because the filling of the
lower dot level is less efficient. Remarkably, a nonzero V,
can be used to obtain a nonzero K., and change the
relative values of Kjyss and Kyqr (see bottom right panel
of Fig@. For V, < 0, Kj,ss increases because the filling
of the lower dot level and/or the emptying of the upper
dot level by the normal metal reservoirs becomes more
efficient and this enhances the “reset” of the double dot
between two photon pair absorption processes (Fig@bg).
For V;, > 0 and sufficiently large, the filling of the upper
dot level and emptying of the lower dot level are favored,
which causes photon pair emission processes (see Figl6f)
while Kj,ss vanishes. In this limit, the emission of photon
pair is obtained without any need for an ac cavity exci-
tation (g, = 0) because the mesoscopic bias in V; pro-
vides the energy for this process. The Kerr interaction
K, which corresponds to the processes of Figloh, varies
like Re[x4] which is represented in Figs[4] and Strink—
ingly, for V, = 0, K cancels at Awrr = Y (2wg) where
K55 is maximal (see Figs and ) Importantly, in all
these plots, the order of magnitude of Kjoss, Kgain and
K is given by the constant Cy = g7 /wi. Using the typi-
cal value wg = 27 x 5 GHz and the ratio gz, /wp = 0.125
which is strong but experimentally feasible, in principle
(see section IV.C), one finds Cy = 27 x 1.2 MHz. We will
see in next sections that this is be sufficient to obtain
sizeable non-linear signatures in the cavity response.

2. Awverage photon number

Before studying the full quantum behavior of the cavity
through the Wigner function W, it is useful to study the
mean value of (@) which can be expressed analytically.
This can reveal a multistable behavior which is expected
for driven nonlinear systems?¥ and which will be useful
to obtain photonic Schrodinger cats. From the Lindblad
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FIG. 6: Example of processes at fourth order in the

light/matter coupling g. Panel (a) shows a fully coherent
process which involves only the internal transition of the dou-
ble dot and can contribute to the term in K. Panels (b1),
(b2), (bs) show processes which involve irreversible tunneling
to the normal metal reservoirs and contribute to Kj,ss for
different configurations of dot orbital energies and bias volt-
age. Panel (c) shows a process which contributes to Kgqin
in the presence of a finite bias voltage. The left bottom plot
shows Kj,ss versus wrr for two difference values of wqy, i.e.
wWav = R(2wo)/2 (full red line) and wqy = 0 (dashed red line).
The right bottom plot shows Kjoss (red full line) and Kgain
(blue full line) versus V; for wew = R(2wo)/2.

equation with the fourth order terms and

included and (a) = a,,e” "t one gets

Ag + AA
Uga _( o+ 0,4

1y 2 + ZXQ - 27’X4 |aav|2> Agy = 0

(83)
with

AA074 = Im[)\4 - 4(X4 + U4)} (84)

the renormalization of the cavity linewidth to fourth or-
der in g1, /wg. This Eqgs. bears similarities with the result
given by semiclassical approaches (see Appendix B), but
the term AAg 4 is specific to a full quantum-mechanical
treatment. The solution «g4, = 0 is obvious. How-
ever, in principle, Eq. can also give nonzero values
of oy = 0, given by

(&%

L1 \/—Re[xgmxz]iﬂ
|X4| 2

av

(85)
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FIG. 7: Various characteristics of the cavity response versus
the tunnel rate to the normal metal reservoirs I' in the pres-
ence of the cavity drive in €, treated at fourth order in gr.
We use wqy = 0.989wo, gr. = 0.125wp and Awrr = R(2wp) =~
1.978wp. The other parameters are the same as in Fig[d] The
full cyan line, the black crosses and the red crosses show the
semiclassical photon amplitudes o, and its approximations
ozj{v,l and Oé:’u,[] of Eqs., and , respectively. The
green dots show the square root of the average photon num-
ber N in the cavity in stationnary conditions, obtained from
Eq.@. The magenta dots show the maximum negativity of
the Wigner function over time ¢ and the quadratures «, o™
for the protocol discussed in section where the cavity
drive in switched on suddenly.

with
A = |l [Ual® = Tm [ i)

and x5 = x2 — (Ao + AAp4)/2. Importantly, ag
must be real. Hence, from Eq. for low amplitudes
of By, the only possible solution is ag, = 0 since A < 0.
For a stronger drive (|Uq| > [Im [x5"x4] /xal); A be-
comes positive. Then, the comparison between v/A and
+ Re[x;x5"] sets whether there are 0, 1 or 2 values of
Qg allowed by Eq.. Finally, two values for ay, are
possible for each value of ¢4, i.e.

(86)

y~,TEN

1 x5 + 2ixaal,?
+ - 2 av
Qaav - 2 arg Ucl

+nr  (87)
with n € {0,1}. In some cases, we find that o, and
o, can be both solution to Eq. . However, for
simplicity, we focus below on the situation of moder-
ate interdot hopping (tzg = 0.15wp), moderate tunnel
rates (0.005wg < T' < 0.1wg) and a zero bias voltage
(V, = 0), where one has typically a single nonzero solu-
tion a,. In particular, for the parameters considered in
Fig. [} one has [Uu| > |Uy|, K = Re[xa] < —Im[x4]
and Im[x4] < 0. Therefore, one has af, ~ o, ; with

Tmfx5] + /|Ual® — Re [z
—2 Im[x4]

+

aa'u,[ =

(83)



This quantity is represented with black crosses in Figl7]
and is in excellent agreement with the exact o, repre-
sented with a cyan line. Equation shows the crucial
role of the two-photon dissipation provided by the term
in Im[x4] for the creation of nonzero photon states (if one
had |x4| — 0, af, would diverge and thus become phys-
ically irrelevant). Of course, it is also necessary to have
a high enough U,. A crudest approximation is obtained
by using x5°" = 0, which yields

2 [pp|
Kloss - anin

+ _
aav,]] -

(89)
(see red crosses in Fig. This expression shows well
that the nonzero o, results from a balance between two-
photon coherent injection and two-photon dissipation. In
contrast, the effect of the Hamiltonian Kerr term K is
negligible in Fig The comparison between a;’ ; and
ajv, 77 shows that the single-photon processes described
by x5¢" slightly decrease the amplitude of o, and the
range of I' for which cavity bistability is obtained. Note
that in principle, one has to study the stability of the affv
solutions to determine their relevance. We will omit such
a study because the cavity Wigner function calculated in
section[[VE 3| can provide this information for the regime
we are interested in.

3. Cavity Wigner function to fourth order in gr/wo in
non-stationary conditions

So far, we have studied the cavity Wigner function W
in stationary conditions. We now assume that the cav-
ity is initially in the stationary vacuum state obtained in
the absence of the microwave drive (8, = 0). We want
to study the time evolution of W when we switch on 3,
at t = 0. However, since we have derived the terms in
Bp in Eq. in stationary conditions (see Eq. and
Appendix A), one has to be careful about the validity of
this equation which could be jeopardized by the sudden
rise of 3,. In fact, Eq. (@ will still be valid in the
transient regime if we impose two constraints on the rise
time of 3,. On the one hand, we will assume that this
rise time is much longer that the correlation time ~ 1/T°
associated to tunneling to the mesoscopic reservoirs, so
that the terms Uy and U, in the cavity effective action
can still be defined at any time from Eqs. and
with a prefactor 3, which depends on t. On the other
hand, we will assume that the rise time of 3, is much
faster than the cavity characteristic evolution time (vis-
ible in Fig). In these conditions, it is sufficient to
use the Lindblad equation with terms and
which depend on 3,(t) = 5,0(t) with 6(t) the Heavidside
function.

We compute W (t) numerically by using the function
“mesolve” from the qutip package to solve Eq.. For
moderate tunnel rates, the cavity evolves towards a co-
herent superposition of two coherent states (see Fig).
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FIG. 8: Panel (a): Wigner function W of the cavity for tunnel
rates I' = 0.005wo (left panels) and I' = 0.01wg (right panels)
and different times ¢ after switching on the cavity drive in
ep (two = 1740, 2990, 6130 from top to bottom). The other
parameters are the same as in Fig[7] Panel (b): Minimum
M(t) of the Wigner function W over the field quadratures,
versus t. The black and red points correspond to the Wigner
functions in the left and right panels of (a) respectively.

The nonclassicality of W(t) is revealed by the red ar-
eas where W (t) < 0. At large times, there remains only
two positive spots in the Wigner function, which are ap-
proximately centered on the average values ozjvewiv and
fajve“";rv determined in sectionm Therefore, these
two solutions represent cavity stable states in stationary
conditions. Accordingly, we have checked that the square
root v/N of the average number N = <&Td> of photons in
the cavity calculated numerically for ¢ — +oo matches
af. when the tunnel rate T' is small (see green dots in
Fig. For higher tunnel rates this is not the case any-
more because ), = 0 whereas W (t) corresponds to a
squeezed vacuum.

Figure represents the time evolution of the min-



imum negativity M(¢) = ming o~ [W(t)] of the Wigner
function W (t) over the fields quadratures («, @*). When
T increases, the minimum of M(¢) over time is reached
later, which could be explained by the fact that the
amplitude of the two-photon drive in p, decreases (not
shown). Negativities in W (¢) do not appear anymore if
T is too large (I' 2 0.04wq for the parameters of Fig.
Figure[7|shows with magenta dots the minimum negativ-
ity min, [M(t)] of W (t) over a,a* and the time ¢, as a
function of I'. This quantity decreases more quickly with
I' than the amplitude of the semiclassical solution o, .
However, it is striking that a genuinely dissipative circuit
such as a double quantum dot circuit is able to induce
non classical cavity states thanks to the two-photon irre-
versible tunneling processes represented by Kj,ss. Inter-
estingly, for I" ~ 0.01wg, the Wigner function negativity
remains smaller than for I' ~ 0.005wg, but it survives
longer (compare black and red curves in Fig. Note
that in Ref%, a two-photon dissipation term similar to
pp and a two photon drive term similar to Kj,ss were
obtained artificially by using an auxiliary cavity and two
microwave tones. Photonic Schrodinger cats were ob-
tained experimentally due to these effects. In our case,
a single drive at 2wy and the inclusion of a double dot
in a single cavity are used to obtain these effects. For a
typical cavity frequency wy ~ 27 x 5 GHz, the required
tunnel rates I' ~ 0.01lwy correspond to 0.2 peV, a value
which can be reached in practice??8. With the simple
protocol considered in this section, the photonic quan-
tum superposition survives for a duration of the order of
8000/wy ~ 0.25 ps which is much longer than the time
scale 1/T" = 100/wp ~ 3 ns associated to dissipative tun-
neling between the dots and the normal reservoirs.

V. CONCLUSION

In this work, we have developed a quantum nonlinear
description of mesoscopic QED experiments. More pre-
cisely, we have used a quantum path integral approach
to express the effective action of a microwave cavity with
bare frequency wg, coupled to a generic mesoscopic cir-
cuit, and excited by a microwave drive at frequency 2wy.
We have developed this action to fourth order in the
cavity /circuit coupling. This development reveals pho-
ton/photon interactions mediated by the mesoscopic cir-
cuit. We have investigated the possibility to establish a
Markovian Lindblad description of the cavity dynamics
from the cavity action. This is always possible to third
order in the light matter coupling. In this limit, the
cavity is subject to a coherent photon pair drive and a
squeezing dissipation mediated by the mesoscopic circuit.
To fourth order in the light/matter coupling, we identify
particular conditions in which the Markovian approxi-
mation still holds. In this case, the mesoscopic circuit
enables Kerr photon/photon interactions and two pho-
ton loss/gain stochastic processes. We have shown an
example of application of our formalism to the case of
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a resonator coupled to a double quantum dot with nor-
mal metal contacts. We have studied how nonlinear ef-
fects such as cavity squeezing, and photonic Schrédinger
cat states can occur, with a non-trivial influence of dis-
sipative mesoscopic transport. In particular, quantum
superpositions of photonic states can occur thanks to
two-photon dissipation caused by tunneling processes in-
side the double dot circuit. The cavity squeezing effect
also depends non-trivially on the dissipative tunnel rates
between the dots and normal reservoirs (see Appendix
F). We anticipate that the quantum regime of Meso-
scopic QED conceals many more surprises which our
approach can reveal. Indeed, our method can be ex-
tended straightforwardly to more complex circuit geome-
tries with multiple quantum dots and ferromagnetic or
superconducting reservoirs. The effect of Coulomb in-
teractions inside the quantum dots also represents a rich
field of investigation®?. For simplicity, we have studied
Markovian situations. However, our cavity action fully
includes non-Markovian effects and it could be exploited
in the non-Markovian regime by using a more general
technical framework®?. Therefore, our work should be
instrumental to develop Mesoscopic QED in the quan-
tum nonlinear regime. Interestingly, the description of
the effective dynamics of microwave cavities coupled to
dissipative Josephson circuits is also an important topic
which lacks of systematic approaches beyond the second
order in the light/matter interaction®®®L. Our path in-
tegral approach could be used to tackle this problem.
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Appendix A: Details on the derivation of the cavity
effective action

Here, we give more details on the derivation of Eqs.
- . The drive at frequency 2wq is not resonant with
the cavity, and will affect the photonic dynamics only
indirectly thanks to the nonlinearity of the mesoscopic
circuit. To emphasize this fact and simplify the calcu-
lation of the cavity effective action, it is convenient to
make a displacement of the cavity fields

et R T e

with the cavity drive €,. defined temporally in Eq. and
g(;‘ the bare cavity green’s function defined in Eq..
In this framework, the action of the system becomes

Z:/d[(57¢]ei53au($,¢)/dw’w]eismeso(@m&w) (91)



with SO, defined in Eq. and

Smeso(, 6, B, 10) = / BG4, 1) — 582 (4 )t

t,t

(92)
oL (1) = (f}(q_ﬁ,qﬁ,t) + Dae1 (t) + 01, 1 (t )) 5(t—1t)

(93)
Dac,1 () = % (€008 (2o )e ™10 4 3G (—2up)e’20?)

(94)
In Eqs.—, the ac drive now modifies directly the
potential seen by the electrons of the mesoscopic circuit.
The coefficients in G in Eq. express how the ac
drive is seen by electrons after a transduction by the
cavity. They lead to the occurrence of the factor ty in
Eq..

To eliminate the electronic degrees of freedom from
Eq.(91] ., we perform a Gaussian integration of (91]) with
respect to the ¢ and 1) fields. This Gaussian mtegratlon
is possible because, in the absence of Coulomb interac-
tions, the system action is quadratic with respect to the
electronic fields. This gives

2= [ 6,015 0 9=(5.0) (95)

with
=(3,¢) = D[l — ) (96)

and
m=Goud? (97)

Above, o denotes a convolution on the time variables and
a matrix product on the mesoscopic orbital degrees of
freedom, and D is a generalized determinant which can
be defined ag%

Log[=(¢, ¢)] (98)

— [ Tr |m(t t)+mom|“+ non L
k.d ’ 2 3
t

The next step is to express Eq. in terms of dot
Green’s functions. This can generate many terms with a
complex structure, but significant simplifications can be
performed in the limit where the dressed cavity has a suf-
ficient finesse. For brevity we only show the development
of the second order term

ng—/kT"g [mom|t7t/2L (99)

t

p=

in Eq., in the absence of the 2wy drive (g,
the definitions of m and ®§’¢

= 0). From
, one has:

Co =~ [ TGt 1)0(0,6,)G(.0)0(6,0.6)/4 (100

t
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Using the definition of ¥ in terms of fermionic fields

and introducing Fourier transforms, one gets

[

w3 — w1)G(w3)gds (w1 — ws)]/4

/ | 151619 (wn — 1)) g0i0g — )} /4
/ / Tr(CHwn)gbss(wn — w3) Clws )G (wn — ws)] /4
— // Ea[é(wl)gqﬁz(m — w3)G(ws)g¢s(ws — w1)]/4
o (101)
with
(bg(&]g — wl) = ¢Cl(w3 — w1)60 + ¢q(w3 — wl)&l (102)
and
Ps(ws — wi) = da(ws — w1)Fo + dg(ws — wi)d1  (103)

Assuming that the dressed cavity has a good quality fac-
tor (AgP” = Ap + AAp < wp has to be checked a pos-
teriori), the terms ¢y (w1 — ws) and ¢x(ws — wp) have a
weak overlap and therefore the first and fourth line of the
above expression, which contains products ¢.(q)@eifq OF
Bel(q)Pei(q) are negligible. A change of frequency vari-
ables in the remaining terms (which contain contribu-

tions in @e(q)Perq only) gives

// T |G (wn) s (@) G (w + wi) s (w)]/4

w1 ,w

// Tr[G (w1 ) g (@) Cilwr — w)gbs(w)]/4 (104)

w1 ,w

Then, we assume that the dressed cavity linewidth is
much smaller than the mesoscopic resonances linewidth
(Ag + AAg < T has to be checked a posteriori, with T
the order of magnitude of the tunnel rates to the meso-
scopic reservoirs). In this case, the terms in G in the
above integral vary very slowly in the frequency area
wo — AP S w S wo + AJPP where ¢x(w) and ¢x(w)
contribute significantly to the cavity action, and one can
thus use w ~ wy in these terms. This gives

/ Tr[G ()9 (w1)Glwo + w)gds (w1)]/4

wi,w

// Te[G(w) g (w1)Glw — wo)dds (wi)] /4 (105)

wi,w

Finally we can come back to the time representation for



the cavity fields

Cy = — / / Te(C ()36 (6) G wo + w)adx ()] /4

_ / / Te[G(w) s (1) Clw — wo)ddn (1)) /4

1
T (106)

A rearrangement of these terms leads to an action con-
tribution similar to that of Eq., with fields @, ¢
replaced by ¢,6. A similar treatment can be per-
formed for higher order terms of Eq. and terms
which depend on ¢,. For instance, the contribution in
g* corresponds to 6 terms similar to those of Eq..
We finally obtain, after some algebra and term re-
grouping, a cavity effective Schwinger-Keldysh partition
function Z = [ d[$,¢|e’Se (@9 with S¢ff defined in
Eq.. The final step is to come back to an ex-
pression of the cavity action with the fields ¢,¢. We
disregard terms of order g45p, since we assume that
both ¢g* and ep are small. In this case, one obtains
7 = fd[@So}ei(SZ({{(¢,¢)+Asac(¢7w)) where AS,.(@,¢) is
a drive term similar to the term AS,.(@,¢) of Eq.,
but with an amplitude ¢, which has a renormalization
in gQgp. However, since this ac drive is non resonant

with the cavity, one can disregard ASg.. Therefore, one
can use Z ~ [ d[@, o] exp[iSeLI (@, )]. In particular, one
gets the expression

Ncl,cl,cl,cl Ncl,cl,cl,q Ncl,cl,q,q

A =i Ncl,q,cl,cl cl,g,cl,q cl,q,9,9 (107)

q,q,cl,cl q,9,cl,q 4,9,9,9

for the matrix which occurs in the expression , with
coefficients Ny, 1 defined in Eq.(d5). Using the cyclic
property of the trace in Eq. and the properties
Gr(w) = -Gk (w)! and G, (w) = G, (w)1, one can check
that there exists relations between the different compo-
nents of A in Eq. so that one finally gets expression

(39)-

Appendix B: Semiclassical description of Mesoscopic
QED

B1. Direct semiclassical description of Mesoscopic
QED

It is useful to reconsider the problem of Mesoscopic
QED with a direct semiclassical approach (without the
path integral formulation) in order to gain more physical
insight into the new coefficients x4 and U, which appear
in Eqs. and . Equation gives the photonic
equation of motion in the Heisenberg picture:

%&(t) — iwoalt) ;zdj gaia(t) — %d(t) it el®)
(108)
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In a semiclassical picture, the operator a(t) in the above
equation can be treated as a classical quantity a(t) =
a(t) = (a(t)). In this case, the average electron num-

ber operator (fq(t)) = <é;(t)éd(t)> in orbital d can be
calculated as the response to the “classical” excitations
gar(a’(t) +a(t)) , with d’ € [1, N], which we will write in
a matrix form as

Eqc(t) = g(a’ (t) + a(t)) (109)

At this stage, although a(t) is expected to have a domi-
nant contribution in e =0t it is essential to take into ac-
count weak components in e**2«o? to describe the effect
of the drive in 8, on (74(¢)). It is sufficient to estimate
these components from Eq. treated to order O in g,
because this is enough to obtain a 3,3 contribution to
the photonic field, as we will see below. Hence, we use

E,.(t)=3 (ae™ ™0t + a*e™o! + Re[tge,e” 20" /2])
(110)
with ty defined by Eq.. The amplitude « is not spec-
ified since it must be determined self-consistently from
Eq. and the response of the average dot charges

to Eqc(t). From the Keldysh description of mesoscopic
transport®4, this response is given by

> gafa(t)) = —iTralgG(t,1)] (111)
d

where the lesser Green’s function of the dots G in the
presence of E,.(t) can be expressed as

G (t,t) = fff;l—:dtldtge*w(“*t‘z)ér(t, )2 (w) Gy (t, )
(112)
Above, ¥<(w) is the lesser self energy of the dots illus-
trated in section [V Bl for the double dot case. The meso-
scopic retarded and advanced Green’s functions G, in
the presence of E,.(t) can be calculated in terms of the

unperturbed mesoscopic Green’s functions G’r(a) defined
in section [[ITA] by using the Dyson equation

- . dti ~ . -
Gy(t,t') =Gyt t) + I#GJ(Ltl)Eac(tl)GJ(tl,t')
(113)
with J € r(a).
The combination of Eqs.(L11)), (112) and (113 gives,

by keeping only resonant contributions in e ~*o?,

ng (frg) ~ (axg + 20|’ x4 + ia*UCl> et (114)
d

Tedious algebra is necessary to identify the coefficients
which appear in Eq. with the correlation functions
U, and x4 defined in the main text, especially in the
multi-orbital case N > 1. Equation shows that o
is the linear response function of the dots charge to the
excitation in ce™*°*, and x4 is the second order response



function to the same excitation, whereas U, appears as a
transduction coefficient for the field component in o*e?o?
into a resonant term in e~*°* thanks to the energy pro-
vided by the drive in €,. One can finally inject Eq.

into the statistical average of Eq.(108]) to obtain

A
0=a"U, — (ixg—i-; — 2i|al? x4) a (115)

For this last step, we have used the resonant approxi-
mation €,.(t) >~ ee~™ot in Eq.. One can see along
this calculation that e, plays a crucial role in interme-
diary steps of the calculation for the description of two
photon processes, but its direct resonant contribution to
(115) can be disregarded. A similar fact happens with
the path integral approach where €, produces indirectly

the S§3> (t) term whereas its direct contribution AS,.(t)
can be disregarded from the effective action S&/f(¢) in
the resonant approximation. Note that Eq. is in
full agreement with the result given by a direct calcu-
lation of the semiclassical cavity steady states with the

path integral description (see Appendix B2).

B2. Semiclassical photonic amplitudes given by the
path integral description

The possible semiclassical photonic amplitudes of the
cavity in stationary conditions can also be obtained
by looking for the saddle points of the cavity effective
action®. Since the action vanishes for ¢, = 0,
@ = 0, a semiclassical solution for the cavity field can
be found at ¢, = 0, ¢, = 0 and values of ¢, and @

such that 8(8)/8@q(t)|%:07%:0 = 0. This gives

) i\,
—V2e0e(t) = (10, — wo + 70)%1 — XoWe

QiwotTT = -
—1e” U@t — XaPelPelPel

(116)

One can disregarded e4.(t) from the left member of
Eq. because it is not directly resonant with the
cavity. Hence, one can expect a semiclassical solution
Vse = V205061 %se=w0t) such that

- A
(Ucle_2w"c — 70 —ix2 — 2ix4 |asc|2> ase =0 (117)

with a,. the semiclassical value of a. Equation isin
full agreement with the semiclassical Eq. if o = age
is used. This equation is also similar to the equation
on the average photons amplitude «,, obtained from the
Lindblad description of the cavity dynamics, up to the
term in AAg 4 which is not present in Eq.. This
discrepancy is due to the fact that the equation on ay,
is obtained by disregarding quantum fluctuations of the
cavity occupation.
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FIG. 9: Panels (a), (b) and (c): Cavity field quadratures
AX 4 versus Awrr, I' and (3, respectively. In panel (a), we
use trr = 0.3wo, I' = 0.1wp and B, = 7.5. In panel (b) we use
trr = 0.3wo (cyan lines) or tzr = 0.025wp (magenta lines),
Awprr = R(2wo) and B, = 11. In panel (c) we use trr = 0.3,
I' = 0.1wo and Awgrr, = R(2wo) (red lines) or Awrr, = R(wo)
(blue lines). The other parameters are the same as in Fig.
with wgy, = 0 and gr, = 0.0lwg. The full lines correspond to
the result given by the full expressions and of A and
B whereas the dotted lines omit the contribution of ~, (or
equivalently Ugq). For reference, the second order variance
AX, for an empty cavity (corresponding to the case for g1 =
0) is also shown as a dashed yellow line. The vertical dashed
gray lines in panel (a) indicate the resonances Awrr, = R(wo)
and Awgrr, = R(2wp). The blue and red squares indicate
working points which are common to panels (a), (b) and (c).
In panel (c), the plots are restricted to the range where ;055 >
0 and Ygqin > 0, which is narrower in the case Awrr, = R(wo)
(blue curves). Panel d: Squeezed cavity Wigner function for
the working point corresponding to the empty red circles in
panel (c). The major axis of the Wigner function is shown as
a blue line.

Appendix C:Action associated to a master equation
description

Following Ref%2 the action corresponding to the mas-
ter equation with the form can be expressed as

5= / (o (1)iDtp. (1) — p_ (D)idto_(t) —iL(t) (118)

t



with Y4 = %((Pcl =+ Spq)a ptr = %(@cl =+ @q) and

()s0+( )+ Hell[o- (1), o (1)]
L p—, o]

—iL(t) = —Hlllp

_ZZ%

Z’ T - T —
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This leads to Eqs., , and of the main text.

Note that this result is valid even when the dissipative

rates v; and the Hamiltonian H¢// are time-dependent

P+, p+]L

(119)

Appendix D: Link between the direct density matrix
approach and the path integral approach to second
order in §

To show that the Lindblad Eqs. and @ obtained
with the direct density matrix approach and the path
integral approach, respectively, agree to second order in
g, one must establish the relation between the parameters
X4, xB and x2, A2 which occur in these Egs. Note that
x2 and Ay have a frequency dependence which is omitted
in the main text where we use y2 = x2(wp), and Ay =
A2(wp). For our present purpose, it is convenient to use
the inverse Fourier transform of these quantities, defined
generally as f(t) = fjooj L0 f(wg)eiwot,
the general relation

One can use

+%0 ds +oo )
/ Z—Wa(w—l-wo)b(w) :/ dt a(t)b(—t)e™t (120)

—00 —00

where a and b are two generic functions, to reexpress

Eqs. and as
xolt) = — 5T [Cc (3G~ + Crc(~)3C, (1]
(121)
Mo(t) = — 5 Tr G (~0)3Crc(1)3 (122)

+ Ga(=0)3Gr (1) + Go(—D7Ca(t)]]

At this stage, it is convenient to define the lesser and
greater fermionic Green’s functions

GL (1) = i (), (0)alt)) (123)
G4 () = —i (alt)eh, (0)) (124)
to reexpress definitions — as:
GH (1) = 0(t) (627 (1) - G2 (1)) (125)
Gl = 0(-) (G2 (1) - G27(1)  (126)
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and
Gd’d/(t) =G4 (1) + G2 (1) (127)

Then, using Egs.(125)-(127), one can rewrite Egs. (L
and . as

xa(t) = 0Ty [C(03G (~0)7 - G (1)3C<(~)3]

Na(t) = =iTr |G (~0)3G- (DG + G- (~)3G < (1)3]
(129)
Since we consider a non-interacting case, one can use the
Wick theorem to reexpress the above equations in terms
of charge correlators*”’. Indeed, using the operator N (t)

of Eq. (@, one finds

<N(t)N(0)> - <N>2 +Tr [é<(—t j

(ROF@) = (F) + 1 [6.(09C-(-1ng] (31
This leads to
(132)

o - 2
Ao(t) = —i <<N(O)N(t)> + <N(t)N(O)> ~2 <N> >
(133)
A comparison of these equations with the definitions
and of xa(t) and xp(t) gives, in the frequency do-

main

x2(wo) = xB(wo) — xa(wo) (134)

pafen) = 20 (Tmlcateo) + xp ()] + () )

(135)
This proves the relations and of the main text
and the agreement between the Lindblad Eqs. and

at second order in §/wy.

Appendix E: Analytical calculation of the Wigner
function to third order in §/wo

The definition of the Wigner function involves the
correlation function x(¢,3,8*) = <eﬁa; 5*‘”> . From

the expression of the effective Hamiltonian H, gg{ and the

jump operators ij, one can check that y follows3"

*

a *
O = i\ (~B05 + 89p-)x 7 20X
- ; (B*0p~ + BOs) X — 2ppB*9pX — 2p, B0 X
2 *2
- [iv e ry — %vpe%x (136)
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FIG. 10: Cavity field quadratures AX 4 versus waey = (wWr +
wr)/2 (panel (a)) and versus the bias voltage V;, (panel (b))
for Awrr = 2wo, trr = 0.lwo, gr = 0.0lwo and B, = 200.
The other parameters are the same as in Fig Panel (a)
considers different cavity damping rates Ao/(10™ °wo) = 2.5,
3.5 and 5 with red, blue and black lines. Panel (b) shows
results for average dot orbital energies wq.,/wo = —2.1 (cyan
lines) and wav/wo = —1.2 (green lines). The circles indicate
working points common to panels (a) and (b). For reference,
the second order variance AXs = /1 + 2np/2 for a decoupled
cavity (gr = 0) is also shown as a dashed yellow line. It is
independent of the value of Ag.

For compactness we note % = 0g and % = Og~. The
above equation is a first order differential equation which
is more convenient to solve than the second order differ-
ential equation . It is then straightforward to Fourier

transform x to obtain W (¢).

Appendix F: Parametric control of the squeezing
effect

This Appendix discusses how the photonic squeezing
effect of Section IV.D depends on the double dot pa-
rameters. Figure [0] shows the cavity field quadratures
AX4 versus the orbital detuning Awgr, = wgr — wi
(panel (a)), versus I' (panel (b)) and versus the cavity
drive amplitude 3, (panel (c)) for a case where the sin-
gle and two photon resonances at Awgr, = Y (wp) and
Awpgr = Y (2wp) are allowed. The results given by the
full expressions and of A and B are shown with
full lines. For reference, the variance

2 Ao — 2Im[xo] (187)

AX, - 1\/A0(1 +2n5) — Im[)s]
of the cavity field to second order in gy, is also shown as a
yellow line. One gets a squeezing effect (AX_ < AXy <
AX ) which is maximal at Awgrr, = Y (2wo) (panel (a)).
As visible in panel (b), for tL,r = 0.3 (cyan full line),
squeezing decreases with I'. One could expect that higher
values of I are always detrimental to squeezing. However,
for a small value of ¢, g (magenta full lines), the squeezing
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effect finds a local maximum for a value of I' which can
be quite significant (I' ~ 0.9w in panel (b)).

To determine the role of the parameter U, (or v,), we
show with dotted lines in Fig. [Oh, b and ¢, the cavity
field quadratures given by Egs. and with y,
omitted (y, = 0). For the moderate tunnel rate I used
in panel (a), the full and dotted lines coincide around
Awgr, = Y(2wp) but not near the single photon reso-
nance Awryr = Y (wp). Surprisingly, for Awgrr, = Y (wp),
the dissipative term in Uy, is responsible for an increase
of the squeezing effect, in spite of its dissipative nature.
Such an effect is allowed by Eq.. To see an effect of U,
on the squeezing at the working point Awgy, = Y (2wp),
it is necessary to increase the value of T (see panel (b)).
In this case, U, causes a decrease of the squeezing ampli-
tude. To summarize, the dissipative term in U, can ei-
ther increase or decrease the squeezing effect, depending
on the regime of parameters. Nevertheless, to maximize
the squeezing effect, it is advantageous to use the regime
Awpry, =Y (2wp) and T' small, where the effect of U, can
be disregarded (empty red squares in Fig@b). Therefore
we will consider this regime in the rest of the present
Appendix and Figl10]

The use of a double quantum dot circuit as a nonlin-
ear element for circuit QED can be interesting because
it offers a strong tunability of the squeezing effect, as
already seen in Fig[9] Figure shows that the ampli-
tude of the squeezing effect is also strongly dependent
on the average level position wy, = (wr + wr)/2. Be-
sides, the squeezing effect can be controlled by using a
nonzero bias voltage V; (see Fig[I0p). This is consistent
with the fact mentioned earlier that using a nonzero V}
modifies the orbital energy range where the drive terms
U, shows strong resonances (Fig and c¢). Note that,
so far, we have used a relatively high cavity damping
rate Ag which limits the squeezing effect. Panels (a) and
(b) of Fig. show that for a given set of double dot
parameters, the squeezing effect increases when Ay de-
creases, as expected. Finally, Fig. [0k shows an example
of cavity Wigner function corresponding to the red empty
circles in Figld] Using the qutip package mesolvé™®, we
have checked that this Wigner function is in quantita-
tive agreement with a direct numerical treatment of Eq.
. We have also checked that fourth order corrections
in gj, are negligible for the parameters considered in the
present section. Therefore, a treatment of the master
equation to third order in gy, is fully justified for the
parameters used in section [V D]

Interestingly, it has also been suggested to obtain cav-
ity squeezing by using a single quantum dot with an ac
excitation with amplitude ¢}, applied directly to the dot
gate®”. However, on the experimental level, such a strat-
egy is more costly since it requires to fabricate a direct
ac gate for the quantum dot. Note that Ref®” presents
the cavity effective action to second order in g; only.
A coherent two-photon drive term in e;g% is taken into
account but the terms in x2, Ay and the expected contri-
bution in agg% to U, are disregarded. Alternatively, two-



photon processes or photonic squeezing have been found
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